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Abstract

This paper proposes a methodology that uses hybrid
systems to model multiple robots in the erecution of
cooperative tasks. Basically, each robot is represented
by a hybrid automaton and the cooperative task ex-
ecution is modeled by the composition of several au-
tomata. We describe in details our approach to per-
form the composition of these automata and demon-
strate the effectiveness of the proposed methodology
modeling a cooperative manipulation task.

1 Introduction

Cooperative robotics has been an active research
field in recent years. Fundamentally, it consists in us-
ing a group of robots working cooperatively to execute
various types of tasks, trying to increase the robust-
ness and efficiency of task execution. An important
aspect of cooperative robotics that has not received
much attention so far is how to model the execution
of tasks by multiple robots. In general, cooperative
robotics systems normally require the representation
of both continuous and discrete dynamics, together
with synchronization, communication, etc. The mod-
eling technique should address all these requirements
and also provide ways of obtaining some formal results
about the cooperative system.

In previous works [6, 7], we gave the first steps into
modeling cooperative robotics using hybrid systems.
In this paper, we extend and formalize this method-
ology, showing how the composition of several hybrid
automaton, one for each robot, can be used to model
the execution of cooperative tasks.

We have chosen hybrid systems in order to represent
cooperative robotics for two main reasons. Firstly, hy-
brid systems provide a simple, structured, and formal
way of reasoning about, representing, and implement-
ing multi-robot cooperation. Also, as will be shown in
this paper, the mapping from cooperative robotics to
a hybrid automaton is relatively simple. The second
main reason is that hybrid systems have a powerful
theory in its background, which may allow the devel-
opment of formal proofs about some aspects of the
cooperative task execution. This aspects include sta-
bility, reachability of undesirable or goal states, etc. In

this paper we focus on the cooperative task modeling
while formal verification and other types of analysis
are left as future work.

In spite of the large number of works dealing with
coordination mechanisms and approaches to execute
cooperative tasks, very few works have considered as-
pects of modeling and formal verification of cooper-
ative robotics. A framework that uses a more for-
mal approach to implement cooperative robotics has
been developed in the GRASP Laboratory [2]. It uses
the Charon language [4] for the description of multi-
ple agents and their behavioral structure. Charon is
a high level modeling language for the specification
and simulation of hybrid systems, and can be used for
modeling cooperative robotic systems. An example of
this framework in the control of multi-robot forma-
tions can be found in [9]. Another work that tries to
formalize the execution of cooperative robotics is de-
scribed in [11], in which finite state machines are used
to encapsulate behaviors and discrete transitions are
controlled by binary sensing predicates. Finite state
machines do not model continuous aspects of the sys-
tem but can help in modeling the discrete part of the
cooperation. Petri Nets, that are commonly used for
modeling multi-process systems, have also been used
to model robotics tasks [12, 13].

An interesting discussion about the specification
and formal verification of robotic tasks can be found
in [8]. One of the conclusions of that paper is that “all
the area of hybrid systems (modeling, programming,
formal verification) is a key research domain for the
future, the results of which will find particularly rel-
evant applications in robotics”. Our hybrid systems
modeling of cooperative robotics presented in this pa-
per is a contribution in this direction.

2 Hybrid Systems

A hybrid system is a dynamical system composed
by discrete and continuous states. The execution of a
hybrid system can be defined by a sequence of steps:
in each step, the system state evolves continuously ac-
cording to a dynamical law until a discrete transition
occurs. Discrete transitions are instantaneous state
changes that separate continuous state evolutions [1].



Normally a hybrid system can be represented us-
ing a Hybrid Automaton. A hybrid automaton is a
finite automaton augmented with a finite number of
variables that can change continuously, as specified by
differential equations, or discretely, according to spe-
cific assignments. Discrete states (control locations)
contain evolution laws and the values of the variables
change according to these laws while the system is in
a specific discrete state. The discrete transitions of
the system are labeled with a set of guards and as-
signments. A transition is enabled when the logical
condition of its guard is satisfied. When a transition
occurs, the assignment associated with that transi-
tion is executed, possibly modifying the values of the
variables. Additionally, each control location has an
invariant condition that must hold whenever the sys-
tem is executing in that location. More formally, a
hybrid automaton H can be defined as:

H=(Q,V,E, f,Inv, Init),
where:

e Q ={q,q2,...,qn} is the set of discrete states
of the system, also called control modes or control
locations.

e V is a finite set containing the variables of the
system and can be composed by discrete (V) and
continuous (V,) variables: V = V; U V.. Each
variable z € V has a value that is given by a
function v(z). This is called valuation (v) of the
variables. Thus, at any moment, the state of the
system is given by a pair (g, ), composed by the
discrete state and the valuation of the variables.

e Discrete transitions between pairs of control
modes are specified by control switches repre-
sented by F (also called edges). Each transi-
tion has an associated predicate g that is called
a guard or jump condition. A discrete transition
can only be taken (transition is enabled) if its
predicate g is satisfied. Each transition may also
have a reset statement r that changes the value
of some variable or perform some action during a
discrete transition. Finally, control switches can
be tagged with a label [ € . This label can be
also called event and is important for synchro-
nization issues in the composition of multiple au-
tomata. Thus, each discrete transition e € F
can be represented by a tuple (¢;, ¢;, g,7, 1) where
¢i € @ and g; € @ are the source and destination
states, g is the guard, r is the reset statement and
l € ¥ is the label.

e The dynamics of the continuous variables are de-
termined by the flows f, generally described as
differential equations inside each control mode.

e Invariants (Inv) are predicates related to the con-
trol modes. The system can stay in a certain
control mode ¢ while its invariant is satisfied and
must leave the mode when it becomes invalid. If
the invariant becomes false and there are no tran-
sitions enabled for the current control mode, the
system is considered to be in a deadlock.

e Init is the set of initial states of the system.
Each initial state is composed by a pair (¢, v(X)),
where ¢ € Q, and X C V.

Other representations of hybrid automata may exist
depending on the author and the context in which the
definition is applied (for example [1] and [10]).

3 Modeling of Cooperative Robots

The behavior of a robot can be modeled using a hy-
brid automaton. Basically, it can be in one of several
control modes, being controlled by different continu-
ous equations in each mode. Information within each
mode (such as the continuous states, sensor readings,
etc.) can be described by continuous and discrete vari-
ables, and updated according to the equations inside
each control mode and reset statements of each dis-
crete transition. Coordination is done using the role
assignment mechanism [6], in which the robots dy-
namically change their behavior during task execu-
tion. This can be modeled through the discrete tran-
sitions and is controlled by the guards and invariants.

Explicit communication can be represented consid-
ering that there are communication channels between
agents and using a message passing mechanism. The
basic actions are send(channel, value) to send a mes-
sage containing a certain value in a channel and re-
cetve(channel, variable) to receive a message and put
its value in a local variable. Messages are sent and
received during discrete transitions. It is possible to
use a self-transition, i.e., a transition that does not
change the discrete state, to receive and send mes-
sages. In this way, a robot can stay in one discrete
mode and continuously send or receive messages.

The execution of a cooperative task by multiple
robots can be modeled using a parallel composition
of several automata, one for each robot. We built our
approach to formally describe the composition of hy-
brid automata based on the composition of transition
systems® [3], extending this concept for the composi-
tion of hybrid automata.

Let H1 = <Q1,V1,E1,f1,Inv1,Init1> and H2 =
(Q2, Va, Ea, fa, Invy, Inity) be two hybrid automata.
Some considerations have to be made before defining
the composition. Firstly, we assume that the sets of

LA transition system can be considered the discrete part of a
hybrid automata, i.e, the graph (Q, E) of the automata without
considering variables, invariants, etc.



variables V7 and V5 are disjoint. This is a reasonable
assumption since there are no shared variables. The
two automata can share information, but this infor-
mation will be stored in different variables and gath-
ered in different ways. Another consideration is that
two transitions from F; and Es labeled with the same
label [ are taken at the same time in both automata.
This is a way of synchronizing the execution of both
automata and can be done, for example, using com-
munication. With these considerations, the parallel
composition Hy || He of H; and Hj is the hybrid au-
tomaton:

H1 H HQ = <Q1 X QQ,‘/l U ‘/Q,E/,fl U fQ,ITLU/,ITLit/>.

The control modes of the compound automaton are
pairs (q1, q2), where ¢1 € Q1 and g2 € 2, and the set
of variables of H; || Hs are the union of the sets V3 and
V5 from both automata. The discrete transitions (F’)
are defined based on the transitions of both automata:

1. for I € 31\ X3, for each transition (g1, q7, 91,71, 1)
in F; and every ¢ € 2, E’' contains the transi-

tions ((q1,49), (41, 4),91,71,1) Vg € Q2;

2. for I € X9\ X1, for each transition {(gs, ¢4, g2, 72, 1)
in E5 and every g € 1, E’ contains the transition

<(Qa (]2)7 (Qa q/2)a92a T2, l> Vq S Ql;

3. if there is a transition labeled [ on both automata
(I € ¥1NXs), for every transition (g1, q1,91,71,1)
in By and (g2, g5, g2,72,1) in E3, E’ contains the
transition ((q1,¢2), (¢4, 45),91 A g2,r1 Ura,l).

The flows f’ of Hy || Hy are simply the union of the
flows from Hy and Hs: f/ = f1 U f2. Since the vari-
able sets Vi and V5, are disjoint, the continuous up-
date in each compound control mode (g1, ¢2) is sim-
ply the union of the continuous updates from both ¢;
and ¢o. In the same way, the invariant of each com-
pound mode (¢1,¢g2) is the conjunction (logical and)
of the invariants of both ¢; and ¢o: Inv'(s1,s2) =
Invy(s1) A Inva(sz). This means that the execution
of the automaton H; || H2 can stay in control mode
(g1, g2) while the invariants of both ¢; and g2 are true.
Finally, the initial state set Init’ of Hy || Hs is a com-
position of Init; and Inits.

Theoretically, the composition of hybrid automata
is not very complex and can be implemented by a com-
puter program. But it is important to mention that
the modeling of very large systems may require the
use of very complex automata and the composition of
several automata may cause an exponential explosion
of discrete states. Basically, if we have n robots with
m control modes each, the number of control modes in
the compound automaton will be m”, thus, the num-
ber of control modes of the compound automaton in-
creases exponentially with the number of robots. To

minimize these problems we may try to reduce the to-
tal number of states to be analyzed, trying to divide
the modes of compound automaton. We will do this
in the example of the next section, considering only
the control modes in the compound automaton that
are reachable from the initial state.

4 Example: Modeling Manipulation

In order to demonstrate the composition of hy-
brid automata in the modeling of cooperative tasks
we have modeled a cooperative manipulation task in
which two robots coordinate themselves to transport
an object (box). We consider that the transportation
is performed in one dimension and each robot i has an
estimate of its position (x;) and the position of the box
(zp;). In fact, they need only to know their distance
to the box, which can be obtained using some kind of
range sensor. We also consider that the robots can ex-
change messages using explicit communication. The
robots use a very simple kinematic model, in which
the only input is the linear velocity (& = u). Figure 1
shows a diagram of this task.

X1 Xbl Xb2 X2

Figure 1: Diagram of two robots transporting a box.

Before formally describing the behavior of the
robots using hybrid automata, let us give a brief
overview of the execution. The robots can be in one of
four discrete states (modes): Approach, Wait, Trans-
port, and Lost. Each robot starts in the Approach
mode, where it uses a proportional controller in or-
der to get closer to the box. When the box is close
enough, the robot switches to the Wait mode and
sends a message to the other robot informing that
its approach phase is complete. When both robots
have approached the box, they synchronously start
the Transport mode, in which they cooperate to move
the box. In this mode, one of the robots (robot 1) is
the leader and has a plan that sets its velocity. The
follower (robot 2) estimates the leader’s velocity (v;)
(through sensing or communication, for example) and
sets its velocity to the estimated value. If one of the
robots loses contact with the box, it sends a message
to the other robot and switches to the Lost mode.
The other robot will receive this message, send an ac-
knowledgment and both robots will synchronize and
switch to the Approach mode, restarting the cycle.

The execution of each robot can be formally
modeled using a hybrid automaton. The automaton
H, = {(Q1,V1,En, f1,Invi,Init;) for robot 1 is



depicted in Figure 2. The variables of H; includes
the position of the robot and the box, and three
boolean conditions that indicate if the other robot
has approached, lost the box, or sent an acknowledg-
ment message. Some self-transitions are used to set
these conditions according to the messages received
from the other robot. One example is the transition
(A1, A1, MsgAvailable(Ca1), Recv(Cay, DockOks), @),
that sets the variable DockOks when a message from
robot 2 is available in channel Cy;. In Figure 2, it is
possible to see the guards, actions, and labels of each
transition: the guards are shown in normal font, the
actions in bold and the labels in bold/italic. Note
that some of the transitions may not have all of these
components. Flows and invariants are set according
to the behavior explained in the previous paragraph,
and the execution starts in the Approach mode with
the boolean conditions set to false.

Receive(Czy, DockOk;) Receive(Czy, DockOk;)

MsgAvailable(Cs) MsgAvailable(C,)

Wait (W)
%=0

Approach (A,)

X =k = xy,)

Send(Ci2, True)
v = x| >0 DockOk, = F

Lost 2

Lost 1
DockOk, ==T
LostBox, =T -
ACKrecv, =T

Begin Transportation
Y

Lost (Ly) Transport (T,)

X = /@)

(|, = x| =0) A (LostBox, =F)

% =0

Send(C12, True)

ACKrecv, =F
MsgAvailable(Ca;) MsgAvailable(Ca)

Receive(Cy, LostBox2)
Send(Ci2, True);

Receive(Cyy, ACKrecvy)

Figure 2: Hybrid automaton for robot 1.

The automaton Hs = (Qa, Va, Ea, fa, Invy, Inits)
for robot 2 is very similar to H; and is shown in Figure
3. Tt is basically a copy of H; with the variables and
communication channels renamed (from 1 to 2 and 2
to 1). The basic difference is in the dynamic equation
of the transport mode. As mentioned, robot 2 is the
follower and sets its velocity to be equal to the leader’s
velocity: &5 = 7.

The composition of H; and Hs represents the coop-
erative execution of the task by the two robots. The
hybrid automaton H; || Ha is built following the rules
explained in the previous section. Figure 4 shows part
of this automaton. In fact, Hy || Hs is composed by
16 control modes, the product of the modes of the two
automata (Q1 X Q2), but, to simplify the figure, we
only show the 8 control modes that are reachable from
the initial state of the system.

The composition of control modes, invariants and
flows is relatively simple, as explained in the previous
section. The major challenge is to define the discrete
transitions of the new automaton. According to the

Receive(C2, DockOk;) Receive(Cyz, DockOk;)

MsgAvailable(Cy,) MsgAvailable(Cy2)

Approach (A,) Wait (W,)

X, =k(x, —x,,) X, =0

Send(Cyy, True)

by = x| >0 DockOk ;= F

Lost 1
DockOk, =T

LostBox, ==T
ACKrecy, =T

Begin Transportation
Y

Lost (L,) Transport (T;)

=0 £ =9,

Send(C;y, True)

ACKrecv, =F (|, = x,,|=0) A (LostBox, =F)

MsgAvailable(C)2) MsgAvailable(C)2)

Receive(Cy2, LostBox;)
Send(Cyy, True);

Receive(Ciz, ACKreevy)

Figure 3: Hybrid automaton for robot 2.

composition rules, there are three situations: (i) when
there is a transition labeled [ in E; but not in Es, (ii)
when there is a transition labeled [ in F5 but not in F1,
and (iii) when there is a transition labeled ! in both
FE, and E,. For situation (i), a transition ¢; — ¢;
from mode ¢; to mode ¢; in E; generates a transi-
tion (¢i,q) — (g, ¢) in the compound automaton for
each mode ¢ € Q2. To exemplify, let us consider the
transition A1 — W7 € Fq. In our modeling, we label
only the transitions that are part of both automata.
Transitions without labels are unique to Hy or Hy. In
the compound automaton, this transition should ap-
pear four times connecting the modes: AA — WA,
AW — WW, AT — WT, AL — WL 2. Since we are
showing only the reachable modes, this transition ap-
pears twice in the automaton of Figure 4. The same
thing happens for situation (ii) when there is a transi-
tion in Hy that is not present in H;. For example, the
transition T, — Lo € FEs turns into the transitions
AT — AL, WT — WL, TT — TL, LT — LL in the
automaton Hy || Ha.

The other possible situation (iii) is when there
is a transition labeled ! in both H; and H,. In
this case, as explained in the previous section, a
single transition is generated in the compound au-
tomaton.  For example, the transitions W; —
T, € E; and Wy — To € FE5 have the same
label Begin Transportation. Their composition re-
sults in the transition (WW,TT, DockOk; ==T A
DockOky == T, ¢, Begin Transportation) in the com-
pound automaton. As mentioned, these labeled tran-
sitions are used for synchronization. In the modeling,
we consider that transitions that have the same label
in both automata are taken at the same time. This
is the case, for example, of the Begin Transportation

2To simplify the notation, we use only two letters for the
names of the compound modes. The first letter is the mode of
@1 and the second the mode of Q2. For example the mode AW
in @1 X Q2 is in fact the mode composed by A; and Wa.
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Figure 4: Compound automaton.

transition that synchronize the start of the transporta-
tion phase. Another example is the Lost 1 transition,
in which both robots go to the Approach mode when
robot 2 receives the information that robot 1 have lost
the box and robot 1 receives the acknowledgment.

In real implementations, synchronization is ob-
tained using explicit communication. When a robot
receives a certain message or acknowledgment, it sets
some of its variables and switches to another discrete
state. In the model presented in this example, we
consider that a command to send a message is auto-
matically followed by one to receive the message, be-
fore any continuous update of the automaton. If this
condition is not followed, some undesirable situations
such as deadlocks may happen. An example of dead-
lock is the mode LL of the compound automaton. The
mode LL is a sink, since there are no transitions leav-
ing from it. In normal situations, the system does not
go to this mode from modes LT or TL (the transitions
lost 1 and lost 2 to the AA mode are taken instead),
but if there is some delay between the sending of a
message and the receiving of an acknowledgment and
both robots lose contact with the box in this interval
this state can be reached. In fact, these deadlock situ-
ations can be avoided in the modeling by introducing
some extra modes with the objective of waiting for
specific messages and synchronizing the automata. A
more detailed discussion regarding deadlock situations
in this modeling can be found in [5].

5 Simulations

To show the effectiveness of the hybrid systems mod-
eling we performed some simulations using MuRoS [5],
a multi-robot simulator that we have developed for the
execution of cooperative tasks. In these simulations
we used a group of robots for the transportation of an
object in an environment containing obstacles. The
hybrid automaton for each robot is similar the ones
shown in the previous section (Figures 2 and 3). The
main difference is in the definition of the flows, be-
cause instead of using a leader-follower controller the
robots use potential field controllers.

Initially, the robots are in the Approach mode and
are attracted by the object. At the same time, they
are repelled by each other, being able to distribute
themselves along the object and prepare for the trans-
portation. When one robot senses that it is close
enough to the object, it goes to the Wait mode, and
broadcasts a message communicating that it is ready.
When all robots are ready they change to the Trans-
port mode, and there is a controller switch so that
each robot becomes attracted by the goal. If for some
reason one robot losses contact with the object, it will
change to the Lost mode, broadcast a message and
stop moving. If all robots lose contact, they regroup
and start docking again.

Figure 5 shows some snapshots of the simulator dur-
ing the manipulation of a round object by ten holo-
nomic robots in an environment with three obstacles.
The goal position is marked with an x. Snapshot



(a) shows the robots in the Approach mode, start-
ing to move in the direction of the object (light gray
circle). Snapshot (b) shows nine robots in the Wait
mode while the last one is still finishing the approach
phase. In (c) eight of the robots have lost contact
with the object because of a collision with an obsta-
cle. It is important to note that the robots lose contact
when the object is outside their sensor range, so two
robots (showed in black) are still in contact. As these
two robots move towards the goal, they will also lose
contact with the object. When this happens, they re-
group, grab the object again and resume the transport
finishing the task (snapshot (d)).
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Figure 5: Snapshots of the manipulation task

6 Conclusion

In this paper, we modeled multi-robot cooperation
under a hybrid systems framework, using hybrid au-
tomata to specify the behavior of each robot and the
parallel composition of automata to model the coop-
erative task as a whole. This has allowed us to better
formalize the execution of cooperative tasks by mul-
tiple robots providing a framework that can be used
for developing formal proofs about the cooperation.

Future work is direct towards the use of the model-
ing presented in this paper in order to perform formal
verification and analysis on cooperative task execu-
tion. As mentioned, hybrid systems have a powerful
theory in its background and can be used to study
stability and reachability of mixed continuous and dis-
crete systems. Thus, we can use this theory in coop-
erative robotics to detect deadlocks, test reachability
of undesired or target states and study stability of
the cooperative system. For this, it may be neces-
sary to abstract our representation trying to obtain

simpler models (for example a linear automata) from
our general hybrid automata, in order to use the tools
already available for the analysis of these classes of
hybrid systems.
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