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The initial view of the linear regression model

We studied the linear regression model in two different views.
In the first view, we look at the problem in an abstract way and reduce
it to a mathematical optimization problem.

We saw that the optimal function g(X ) of the features X to minimize
MSE (g) = E(Y − g(X ))2 is g(x) = µ(x) = E(Y |X = x). Using
Taylor expansion, we approximate this multivariate and probably
non-linear optimal function, assuming that

µ(x) = E(Y |X = x) = β0 + β1x1 + . . .+ βpxp + ε .

Then, we approximate E(Y − g(X ))2 by the average empirical
(squared) error

1
n

n∑
i=1

(yi − (β0 + β1xi1 + . . .+ βpxip))
2

where (yi , xi ) = (yi , xi1, . . . , xip) is the i-th instance of the random
vector (Y ,X ).
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The second view of the linear regression model

In the second view, we look at the problem as a linear algebra
problem.

We see the n instantiations or realizations of the random vector (Y ,X )
as matrices and vectors in Rn.
We looked for the linear combination Xβ living in the vector subspace
C(X ) that best approximates the vector Y ∈ Rn.
We found that the solution is X β̂, the orthogonal projection of Y into
C(X ).

In both views, the solution was the same:

β̂ = (X⊤X )−1X⊤Y .

However, there is a third view that can take us much further to
understand the properties of this solution
This is obtained by introducing a stochastic (probabilistic) view of the
data.
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The third view is a stochastic model

We assume a probabilistic mechanism generating the random data
(Y ,X ) with probability density f (y , x) = f (y , x1, . . . , xp).
We are allowed to observe a small sample of these data, the empirical
sample with n training examples.
The observed data are (y1, x1), (y2, x2), . . . , (yn, xn).
The feature vector is composed of p variables: xi = (xi1, . . . , xip).
Organize the data into a matrix

y1 x11 x12 · · · x1p

y2 x21 x22 · · · x2p
...

...
...

. . .
...

yi xi1 xi2 · · · xip
...

...
...

. . .
...

yn xn1 xn2 · · · xnp


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i.i.d. rows

The random rows of this matrix are considered instantiations (or
realizations) independent and identically distributed (i.i.d.) from a
certain joint distribution with density f (y , x) = f (y , x1, . . . , xp).

i.i.d.



y1 x11 x12 · · · x1p

y2 x21 x22 · · · x2p
...

...
...

. . .
...

yi xi1 xi2 · · · xip
...

...
...

. . .
...

yn xn1 xn2 · · · xnp


For example, consider the apartment price prediction problem.
The i.i.d. assumption comes from assuming that the apartments are
randomly selected as if all possible apartments (present and even
future apartments, yet to be built under current conditions) were
placed into a bag and, after being thoroughly shuffled or mixed, we
randomly selected n of them.
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i.i.d. rows

This assumption may be violated if, instead of sampling apartments
from across the entire city, we randomly select a single building and
construct a sample of n = 20 apartments.
In this setting, the assumption of independence between rows is no
longer appropriate when the target population is the full set of
apartments in the city. Apartments within the same building tend to
share unobserved characteristics (e.g., location, construction quality,
amenities), inducing dependence.
As a consequence, the sample exhibits low variability: the apartments
are very similar to one another. Knowing the prices and features of 19
units allows us to predict the remaining one with high accuracy.
However, this apparent predictive performance is misleading. The
prediction error estimated from this sample will be overly optimistic
and much smaller than the error we would obtain when predicting the
price of an apartment randomly drawn from the entire city.
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Columns are not independent

The rows can be viewed as independent vectors, but the random
columns should not be assumed to be independent random vectors.
Clearly, knowing the vector (x11, . . . , xn1) of apartment areas helps
substantially in predicting the vector (y1, . . . , yn) of prices.
Moreover, the column of apartment areas is strongly associated with,
and is a good predictor of, the column corresponding to the number of
rooms.
For example, a 50 m2 apartment is extremely unlikely to have 3 or 4
rooms, whereas a 300 m2 apartment having only one room would be
highly surprising.
Indeed, it is precisely because the columns are dependent that we use
the feature columns x to predict the response vector y .
The random columns are not identically distributed either. For
example, the continuous probability distribution generating apartment
prices is fundamentally different from the discrete probability
distribution governing the (typically small integer) number of rooms.

Renato Assunção ESRI and DCC/UFMG Stochastic View of Linear Regression 7 / 50



Generative models

In ML we distinguish between two types of models: generative and
discriminative.
Generative models aim to model the joint distribution f (y , x)
Examples of generative models include:

Bayesian networks
Markov random fields
Naïive Bayes classifier
Gaussian mixture models
Hidden Markov models
Linear discriminant analysis

This is in contrast to discriminative models, which focus on modeling
f (y | x).
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Discriminative models

The joint density can always be decomposed as:

f (y , x)︸ ︷︷ ︸
joint

= f (y |x)︸ ︷︷ ︸
conditional

f (x)︸︷︷︸
marginal

Discriminative models focus on the conditional distribution f (y | x),
ignoring the marginal distribution f (x).
Rather than modeling the joint behavior of many variables, we focus
on predicting a single random variable Y given the features x .
Many ML models are discriminative:

Linear and Logistic regression
Supervised neural nets for prediction and classification
Classification and regression trees, Random forests
Support vector machines (SVM), Boosting (e.g., XGBoost)
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Discriminative models

In fact, the notation f (y | x) hides a very large family of distributions:
there is one conditional distribution for each specific value of x .
For example:

f (yprice|xarea
1 = 100m2, x rooms

2 = 2, x restroom
3 = 1, . . .)

and
f (yprice|xarea

1 = 150m2, x rooms
2 = 2, x restroom

3 = 2, . . .)

are two different probability distributions.
Therefore, if xi ̸= xj , the conditional distributions (Yi | xi ) and
(Yj | xj) are not the same.
They are still independent, but not identically distributed.
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Discriminative models

Why some apartments have high prices while others are relatively
inexpensive?
We explain this variability by decomposing its causes into two
components:

Causes determined by the observed attributes (features);
Other causes that are unmeasured or unknown.

In addition, we decompose the random variable (Y | x) as the sum of
its conditional expectation and a deviation from that expectation.
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Decomposition of (Y | x)

Given that X = x , define

ε = Y − E(Y | X = x) = Y − µ(x)

Hence, we can always write

(Y | X = x)︸ ︷︷ ︸
random

= E(Y | X = x)︸ ︷︷ ︸
deterministic given x

+ ε︸︷︷︸
random

= µ(x) + ε.

The function µ(x) = E(Y | X = x) is the optimal predictor of Y
under squared error loss.

Renato Assunção ESRI and DCC/UFMG Stochastic View of Linear Regression 12 / 50



Figure: Surface µ(x) = µ(x1, x2)
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Figure: The dots represent observations Y = µ(x) + ε, scattered around the
regression surface µ(x) = µ(x1, x2).
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We assume that µ(x) is linear

Figure: We assume that µ(x) is a linear function of the features
µ(x) = µ(x1, x2) = β0 + β1x1 + β2x2.
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The stochastic model

We have

(Y | X = x) = µ(x) + ε

= β0 + β1x1 + . . .+ βpxp + ε

= [1, x1, x2, . . . , xp]


β0
β1
β2
...
βp

+ ε

= x ′β + ε

Consider now the stochastic error ε.
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The error ε

We can always assume that E(ε) = 0. To see this, suppose that
E(ε) = α ̸= 0. Then,

Y = β0 + β1x1 + · · ·+ βpxp + ε

= β0 + β1x1 + · · ·+ βpxp + ε− α+ α

= (β0 + α) + β1x1 + · · ·+ βpxp + (ε− α)

= β∗
0 + β1x1 + · · ·+ βpxp + ε∗.

The new error satisfies

E(ε∗) = E(ε− α) = E(ε)− α = α− α = 0.

Thus, the same variable Y can be represented either with an error ε
such that E(ε) = α and intercept β0, or with a shifted intercept β∗

0
and an error ε∗ such that E(ε∗) = 0.
Therefore, without loss of generality, we can always assume E(ε) = 0.
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How about the variance V(ε)

We assume that V(ε) = σ2, constant across values of x .
Thus, the typical deviation from the mean µ(x) is the same for all
values of x .
This assumption is called homoscedasticity.

Figure: Homoscedastic errors: constant standard deviation around the
surface µ(x).

Renato Assunção ESRI and DCC/UFMG Stochastic View of Linear Regression 18 / 50



Homoscedastic versus Heteroscesdastic errors

Figure: Homoscedastic versus Heteroscesdastic errors with data following a simple
linear regression model y = β0 + β1x + ε.
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Heteroscesdastic errors with a univariate x

Figure: Illustration of heteroscesdastic errors with real data following a simple
linear regression model y = β0 + β1x + ε.
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Heteroscesdastic errors: another example

Figure: Another real data illustration of heteroscesdastic errors.
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Probability distribution of εi

For the i-th observation: Yi = x ′
iβ + εi

We set E(εi ) = 0 and V(εi ) = σ2.
Additionally, we assume that the probability distribution of these errors
is Gaussian and that they are independent.
Looking at the entire vector of random errors:

ε0
ε1
...
εn

 ∼ Nn




0
0
...
0

 , σ2


1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1




That is,
ε ∼ Nn(0, σ2 In)
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Probability distribution of εi

This implies that ε1, . . . εn are i.i.d. with distribution N (0, σ2).
Therefore,

(Yi | Xi = xi ) = x ′
iβ + εi︸︷︷︸

N (0,σ2)

Adding a constant to a Gaussian random variable alters only its
expectation and hence, conditioned on the features X , the
observations are independent and

(Yi |Xi = xi ) ∼ N (x ′
iβ, σ

2)
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The probability distribution N (x ′
iβ, σ

2)

Figure: A simple linear regression model y = β0 + β1x + ε.
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Stochastic matrix notation

For n observations:

Y1
Y2
...
...
Yn


︸ ︷︷ ︸
Y , n×1

=



1 X11 . . . . . . X1p
1 X21 . . . . . . X2p
...

...
. . .

...
...

...
. . .

...
1 Xn1 . . . . . . Xnp


︸ ︷︷ ︸

X , n×(p+1)

β0
...
βp


︸ ︷︷ ︸

β, (p+1)×1

+



ϵ1
ϵ2
...
...
ϵn


︸ ︷︷ ︸
ϵ, n×1

The deterministic expectation:

µ(X ) =



µ1
µ2
...
...
µn


=



x ′
1β

x ′
2β
...
...

x ′
nβ


=



1 X11 . . . . . . X1p
1 X21 . . . . . . X2p
...

...
. . .

...
...

...
. . .

...
1 Xn1 . . . . . . Xnp


β0

...
βp


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Stochastic matrix notation

Linear regression model:

(Y | X ) ∼ Nn(µ(X ), σ2In)

Equivalently,

(Y | X ) ∼ Nn





1 X11 . . . . . . X1p
1 X21 . . . . . . X2p
...

...
. . .

...
...

...
. . .

...
1 Xn1 . . . . . . Xnp


β0

...
βp

 , σ2


1 0 0 . . . 0 0
0 1 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1




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Gaussian distribution: a property
Let Y be a Gaussian random vector:

Y︸︷︷︸
n×1

∼ Nn( µ︸︷︷︸
n×1

, Σ︸︷︷︸
n×n

)

and A be a k × n matrix of real constants. Then, the random vector AY
has distribution

AY︸︷︷︸
k×1

∼ Nk(Aµ︸︷︷︸
k×1

,AΣA′︸ ︷︷ ︸
k×k

)
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Distribution of the LS Estimator

We already learned that the least squares estimator of the unknown β
in the linear regression model is

β̂ = (X ′X )−1X ′Y = AY

where the constant matrix A is given by

A︸︷︷︸
(p+1)×n

= (X ′X )−1X ′

As Y ∼ Nn(Xβ, σ2In) is a random vector and β̂ = AY , then β̂ is
also a random vector.
The previous property gives us the distribution of this random vector

β̂ ∼ Np+1(AXβ, σ2A In A′) .
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Distribution of the LS Estimator

Fundamental result

β̂ ∼ Np+1(AXβ, σ2AA′)

For the expected value, we have

AXβ = (X ′X )−1X ′Xβ = β

For the covariance matrix:

σ2AA′ = σ2(X ′X )−1X ′ ((X ′X )−1X ′)′
= σ2(X ′X )−1 (X ′X

)
(X ′X )−1)′

= σ2((X ′X )−1)′

= σ2((X ′X )′)−1

= σ2(X ′X )−1
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Distribution of the LS Estimator

Fundamental result

β̂ ∼ Np+1(β, σ
2(X ′X )−1)

We have E(β̂) = β.
Thus, the estimator β̂ varies randomly across samples but is centered
at the true (unknown) parameter β.
Each component of β̂ is a random variable centered at the
corresponding component of β.
Therefore, each component of β̂ does not systematically overestimate
or underestimate the corresponding component of β.
We say that β̂ is an unbiased estimator of β.
We will discuss the covariance matrix after an example.
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A very simple example

The objective of this very simple example is to illustrate the random
nature of the LS estimator.
We will simulate 8 data points that follows the linear regression model
below: 

Y1
Y2
Y3
Y4
Y5
Y6
Y7
Y8


=



1 1
1 1
1 2
1 2
1 3
1 3
1 4
1 4


(

0.1
0.7

)
+



ε1
ε2
ε3
ε4
ε5
ε6
ε7
ε8


where ε ∼ N8(0, σ2I8) with σ = 0.3.

That is, the 8 × 2 design matrix X is fixed, the coefficient vector is
(β0, β1)

′ = (0.1, 0.7) and the random errors are i.i.d. N (0, σ2) with
σ = 0.3.
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Simulation

Figure: Generating data, fitting the model, showing the true model, the data and
the fitted model.
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The output

Figure: Output from statsmodel library
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What we obtained

With these 8 data points, we obtain the Ls estimate:
β̂ = (β̂0, β̂1) = (0.14, 0.67)′

The true (and and supposedly unknown) parameter vector is:
β = (0.1, 0.7)′.
Clearly, β̂ ̸= β.
The estimation error is:

β̂ − β =

(
0.14
0.67

)
−
(

0.1
0.7

)
=

(
0.04

−0.03

)
Next, we simulate a second dataset from the same linear regression
model using a different random seed. Thus, the only change is in the
vector of errors ε.
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The second simulation

Figure: Code for the second simulation.
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The second simulation output

Figure: Output from the second simulation
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Results of the second simulation

With these new 8 data points, we obtain a different Ls estimate:
β̂ = (β̂0, β̂1) = (0.06, 0.73)′

The true parameter vector remains the same: β = (0.1, 0.7)′.
Again, β̂ ̸= β.
The estimation error for this second sample from the same model is:

β̂ − β =

(
0.06
0.73

)
−
(

0.1
0.7

)
=

(
−0.04

0.03

)
This new sample leads to a different estimate β̂ and a different
estimation error.
What is the ontological status (i.e., the nature) of the objects β̂ and
β? Are they fixed vectors, random vectors, or mathematical functions?
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Learning the random nature of β̂

Repeat the data generation of the random errors ε 50 times holding
fixed X and the parameter vector β.

Figure: Code for the 50 simulations.
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The 50 fitted regression lines with the true line

Figure: The true (blue) and the 50 (gray) estimated regression lines.
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Code for the histograms of the 50 fitted coefficients

Figure: Code for histograms
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The histograms of the 50 fitted coefficients

Figure: The histograms of β̂1 and β̂2 showing their random nature. The blue
vertical line shows the true coefficient values.
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Real case: Cement strength

β̂ is a random vector.
Let us see this by simulating data using the cement strength dataset.
Fit the linear regression model to the dataset and obtain β̂.

Take the residuals and obtain the σ̂2 = 1
1030−(8+1)

∑
i (yi − ŷi )

2.

Simulate a large number of times new data vectors Y ∗ with the
model Y ∗ = X β̂ + ε with ε ∼ N1030(0, σ̂2I1030).
Fit the linear regression to these simulated data and save the fitted
parameter vectors.
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Real case: Cement strength

Figure: Generating data with a fixed parameter vector and holding fixed the X
matrix.
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The random nature of β̂

You know from FECD-A that a histogram mimics the true probability
distribution of the random variable it represents.
Return to the histograms of the components β̂j of the vector β̂.
They illustrate the rigorous result we obtained:

β̂ ∼ Np+1(β, σ
2(X ′X )−1)

The histograms look bell-shaped as a Gaussian density. This illustrates
that E(β̂) = β (the LS estimator is unbiased to estimate β).
The histograms of β̂j are centered on the true values βj of the
individual coefficients. This illustrates that E(β̂) has a Gaussian
distribution.
Let us focus now on the covariance matrix σ2(X ′X )−1 of β̂
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The covariance matrix σ2(X ′X )−1 of β̂

We have
β̂ ∼ Np+1(β, σ

2(X ′X )−1)

What does the matrix (X ′X ) mean?
Let us consider only the previous simple example of 8 data points with
only one feature x .
Then,

X ′X =

(
1 1 1 1 1 1 1 1
1 1 2 2 3 3 4 4

)


1 1
1 1
1 2
1 2
1 3
1 3
1 4
1 4


=

(
8 20
20 30

)
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The covariance matrix σ2(X ′X )−1 of β̂

We have
β̂ ∼ Np+1(β, σ

2(X ′X )−1)

Then,

σ2(X ′X )−1) = (0.3)2
(

8 20
20 30

)−1

= (0.3)2
(

0.75 −0.25
−0.25 0.10

)
=

(
V(β̂1) Cov(β̂1, β̂2)

Cov(β̂1, β̂2) V(β̂1)

)
We can easily extract the correlation between β̂1 and β̂2:

Corr(β̂1, β̂2) =
Cov(β̂1, β̂2)√
V(β̂1)

√
V(β̂2)

=
−0.25(0.3)2√

0.75
√

0.10(0.3)2
= −0.91

Why such a high negative correlation? Intuition...
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The covariance matrix σ2(X ′X )−1 of β̂

Generally, with 2 features, we have

X ′X =

 1 1 1 . . . 1
x11 x21 x31 . . . xn1
x12 x22 x32 . . . xn2




1 x11 x12
1 x21 x22
...

...
...

1 xn1 xn2


=

 n
∑

i xi1
∑

i xi2∑
i xi1

∑
i x

2
i1

∑
i xi1xi2∑

i xi2
∑

i xi1xi2
∑

i x
2
i2


The entry (i , j) in the matrix (X ′X ) is the inner product of the i-th
and j-th features.
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Real case: Cement strength

Figure: Cement strength dataset
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Figure: β̂j and its standard deviation
√

V(β̂j) =
√
σ2(X ′X )−1[j , j ].
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The standard deviation of β̂j

The standard deviation of β̂j is the square root of the [j , j ]-th element
in the diagonal of the covariance matrix of β̂:√

V(β̂j) =
√

σ2(X ′X )−1[j , j ]

This element depends of σ2, also an unknown parameter.
We estimate this parameter σ2 using the residuals:

σ̂2 =
1

n − (p + 1)

n∑
i=1

(yi − ŷi )
2

Next, we look more closely at this estimator of σ2
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