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Back to the compressive strength of concrete example

The first two highlighted columns have the OLS estimates β̂j and their

estimated standard deviations
√
V(β̂j).

In this set of slides, we will learn about the last two highlighted
columns, the extremes of 95% confidence intervals.

Figure: Statsmodel output for linear regression analysis
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The stochastic view of the coefficients

Assume the linear regression model is the data-generating mechanism.
There exists an unknown coefficient vector β∗ = (β∗

0 , β
∗
1 , . . . , β

∗
p)

′.
Our goal is to learn it from the observed data, and we use a linear
regression model to do so.
Our LS estimate β̂ is a random vector, and it is different from the true
and unknown β∗. But we hope they are close, meaning the estimation
error is small.
The estimation error is β∗ − β̂.
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Distribution of the estimator

It is somewhat surprising that, although we do not know what is the
exact value of the estimation error we have in this example, we know
how much we can typically expect for this estimation error.
This typical value is obtained by considering conceptually all other
samples that could be generated by the model (same fixed β∗) and
the different estimates β̂ we would get for each of those samples.
Why?
Because we obtained the distribution of the random vector:

β̂ ∼ Np+1

(
β∗, σ2(XTX )−1

)
.
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One coordinate at a time

For one coordinate, β̂j ∼ N
(
β∗
j , σ

2[(XTX )−1]jj

)
.

For the cement coefficient, the output table gives that its standard
deviation is 0.008.
Each coordinate oscillates as a Gaussian around its true unknown
value.

Figure: Distribution of β̂j . The center β∗
j is the true and unknown value.
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The observed (instantiated) β̂j

For the specific sample we used to fit the model, we get a specific
value.
For the cement coefficient, the output table gives β̂j = 0.1198.
This value can be assigned to a specific position on the real axis.

Figure: Distribution of β̂j and its observed β̂j
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What we REALLY have

The previous figure is purely conceptual and could mislead by giving
the impression that we know more than we really do.
What we really know (for the cement coefficient):

The observed (realized, instantiated) value for the estimate: we had
β̂j = 0.1198 with this sample.
We also know the probability distribution of this random variable that
we have just known its realized value: β̂j ∼ N

(
β∗
j , (0.008)2

)
.

What we do not know: the true value β∗
j and therefor, the center of

the Gaussian distribution

Figure: The observed value of β̂j . The distribution is known but not its center β∗
j
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What we REALLY have

In fact, writing that (for the cement coefficient):
β̂j ∼ N

(
β∗
j , (0.008)2

)
is not completely correct.

The variance 0.0082 is an estimate of the true one that is unknown
because we do not know σ2 exactly.
As we saw previously, σ2 is estimated using the residuals. This
estimate of σ2 is used on the formula for the variance in
β̂j ∼ N

(
β∗
j , σ

2[(XTX )−1]jj

)
.

So we know neither β∗
j nor the variance σ2[(XTX )−1]jj .

We have only an approximation for this variance based on the
residuals.
However, we will assume for now that σ2 and the variance of β̂j can
be calculated exactly and it is equal to 0.0082.
We return to this uncertainty about this variance and fix this problem
after explaining the basic idea of a confidence interval.

Renato Assunção ESRI and DCC/UFMGConfidence Intervals in Linear Regression 8 / 25



What we REALLY know and don’t know

This next figure is a more realistic description of what we have.
We know the observed value of β̂j in the sample (for cement, it is
0.1198) but we do not know which of these Gaussians is the true one
because we do not know the value of β∗

j , the center of the Gaussian
distribution.

Figure: The observed β̂j and some of the possible distributions it may follow.

Renato Assunção ESRI and DCC/UFMGConfidence Intervals in Linear Regression 9 / 25



We know quite a lot about Gaussians

Consider the standard Gaussian N (0, 1).
We know that random variables following this distribution hardly fall
outside the interval (−2, 2).
Indeed, P(Z ∈ (−2, 2)) = 0.9544997 (or very close to 95%).

Figure: Density of the standard Gaussian N (0, 1).
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Standardizing a generic Gaussian

Any generic Gaussian X ∼ N (µ, σ2) can be transformed into a
standard Gaussian N (0, 1).
Define the random variable

Z =
X − µ

σ

Then, as we know from FECD-A, the random variable Z has a
N (0, 1) distribution.
We can apply this to the random coefficient estimate.

We know that β̂j ∼ N
(
β∗
j , σ

2[(XTX )−1]jj

)
= N

(
β∗
j , (0.008)2

)
.

Then

Z =
β̂j − β∗

j√
σ2(X′X)−1[jj ]

=
β̂j − β∗

j

0.008
∼ N(0, 1)
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Aha!

Given that Z =
β̂j−β∗

j

0.008 ∼ N(0, 1), we know that Z is hardly outside the
interval (−2, 2).
With approximately 95% chance it is inside (−2, 2).
Hence, we say that with high probability (high confidence) Z is in
(−2, 2).
So what?
It seems a worth knowledge because we can not calculate Z : its
numerator β̂j − β∗

j can not be calculated because β∗
j is unknown.

However, we can do a lot here.
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Aha!

Let us simplify the denominator denoting it simply by v :

Z =
β̂j − β∗

j√
σ2(X′X)−1[jj ]

=
β̂j − β∗

j

v
∼ N(0, 1)

With approximately 95% chance (or 0.95 probability) Z is between −2
and +2. That is, with high probability

−2 ≤
β̂j − β∗

j

v
≤ 2 or − 2v ≤ (β̂j − β∗

j ) ≤ 2v

We can manipulate algebraically this expression moving any of its
central terms to the extremes.
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Aha!

For example, add −β∗
j in each side of the inequality:

−β̂j − 2v ≤ −β̂j + (β̂j − β∗
j ) ≤ −β̂j + 2v

Now, multiply by (−1) (remember that you need to change the
inequality signs)

(−1) ∗ (−β̂j − 2v) ≥ (−1) ∗ (−β∗
j ) ≥ (−1) ∗ (−β̂j + 2v)

That is,
β̂j + 2v ≥ β∗

j geqβ̂j − 2v

I prefer the natural order to the numbers in the real axis:

β̂j − 2v ≤ β∗
j ≤ β̂j + 2v

The two extremes in this expression represent a confidence interval:

IC = [β̂j − 2v , β̂j + 2v ]

Let us step back to understand how to interpret this confidence
interval.
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The ICs in the output

Figure: The confidence interval IC = [β̂j − 2v , β̂j + 2v ] of each coefficient in the
concrete dataset
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IC interpretation

Because Z = (β̂j − β∗
j )/v ∼ N(0, 1),

we known that

P

(
−2 ≤

β̂j − β∗
j

v
≤ 2

)
≈ 0.95

Manipulating algebrically the event inside the parenthesis we obtain a
mathematically equivalent expression:

P
(
β̂j − 2v ≤ β∗

j ≤ β̂j + 2v
)
≈ 0.95

or
P
(
β∗
j ∈ (β̂j − 2v , β̂j + 2v)

)
≈ 0.95
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Aha!

Look closely to this last expression:

P
(
β∗
j ∈ (β̂j − 2v , β̂j + 2v)

)
≈ 0.95

What is random here?
Not β∗

j : this is an unknown but a fixed value.

The random random component is β̂j .
What is random is the interval extremes.
A simulation will make this more clear
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Aha!

I took the compressive strength of concrete dataset and fitted the
linear regression model.
Then, I took the coefficient estimates as if they were the true
coefficients, used the σ̂ estimate as the true value of σ and then
simulated many datasets generating new Y vectors by simulating
Gaussian errors N (0, ˆsigma

2
).

In these simulations the matrix X were kept fixed.
After generating a new Y vector, I fitted the linear regression model,
got the estimated coefficient and built the

IC = [β̂j − 2v , β̂j + 2v ]

The result is in the next slide.
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Aha!

Figure: Confidence intervals for the Cement coefficient
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Aha!

Figure: Code for the previous figure
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Aha!

In practice, we have only one single IC that may contain the true
unknown value of β∗

j .
We never know if the interval shown in the output table really covers
the true coeffcient value β∗

j .
However, we know that the intervals were built with an algorithm that
covers these true and unknown β∗

j values 95% of the times the
algorithm is used.
So, the confidence is attached to the method being used to build the
ICs: it covers the true coefficient almost always (95% of the times we
use it).
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The constant "2"

We defined the 95% confidence interval as

IC = [β̂j − 2v , β̂j + 2v ]

The constant "2" appears because, in the standard Gaussian
distribution, approximately 95% of the density area is between −2 and
+2.
If we want to have exactly 95% we should use the constant 1.96
rather than "2".
However, in most applications, the different ICs will be negligible and
the choice of either constant will not have a noticeable impact.
Also, we can build ICs with different confidence levels. For example, a
99% confidence interval requires the constant 2,32.
This constant comes from P(−2.32 ≤ Z ≤ 2.32) = 0.99 when
Z ∼ N (0, 1).
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Another issue

We defined the 95% confidence interval as

IC = [β̂j − 2v , β̂j + 2v ]

where v2 = σ2(X′X)−1[jj ].
However, σ2 is also unknown.
We solved this by substituting σ2 in v2 by its unbiased estimate

S2 =
1

n − (p + 1)

n∑
i=1

(yi − ŷi )
2

This has a consequence.
The Gaussian distribution used to determine the constant "2" should
be substituted by the t-Student distribution.
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The t-Student distribtion

The t-Student distribution is similar to the N (0, 1) distribution.
The main difference are the heavy tails of the t-Student
As we gets farther away from zero, the t-Student density decreases to
zero more slowly than a N (0, 1) density.
Rather than "2" for the 95% IC, the constant should be larger.
The exact value depends of the degrees of freedom of the residual
vector which is equal to n − (p + 1).
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The 95% constant from the t-Student

As the degrees of freedom increases, the constant converges to the
standard normal 1.96 constant.
In practice, with df = 30, the constant is very close to that of the
standard Gaussian.

df 5 10 20 30 100 200 300 ∞
constant 2.52 2.23 2.09 2.04 1.98 1.97 1.97 1.96

Table: Value for the constant in the 95% IC using the t-Student distribution
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