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A prediction problem and its dataset

We want to predict apartment prices and collect a dataset

Prices: a column-vector Y of dimension 1500.

30 features of the 1500 houses (a matrix of dimension 1500 × 30)

We want to learn how to predict (new) apartment prices using a mathematical
formula based on the 30 features of each apartment.

Y =


y1

y2
...

y1499

y1500




area1 age1 rooms1 · · · gym1
area2 age2 rooms2 · · · gym2

...
...

...
...

...
area1499 age1499 rooms1499 · · · gym1499
area1500 age1500 rooms1500 · · · gym1500


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Linear model implies a weighted sum

The linear model assumes that

Y = β0 + β1x1 + · · ·+ βkx30︸ ︷︷ ︸
E(Y |X=x)

+ ϵ︸︷︷︸
random noise

This implies that the random price Y will be predicted by a weighted sum
of the 30 features.

The random noise represents the effect of all other potential factors that
may influence the price.

How do we use the data to learn (or estimate) these coefficients?
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What we want

AIM: to learn a simple mathematical formula (a linear combination of the 30
features) that predicts well the prices we already know in the dataset, with the
hope that the same formula will also predict well in future apartment cases.

So, we look for a linear combination such that:

y1 ≈ β0 + β1 área1 + β2 idade1 + . . .+ β30 salão1

y2 ≈ β0 + β1 área2 + β2 idade2 + . . .+ β30 salão2

...
y1500 ≈ β0 + β1 área1500 + β2 idade1500 + . . .+ β30 salão1500
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Equivalent matrix representation


y1
y2
...

y1499
y1500

 ≈ β0


1
1
...
1
1

+β1


área1
área2

...
área1499
área1500

+β2


idade1
idade2

...
idade1499
idade1500

+. . .+β30


salão1
salão2

...
salão1499
salão1500



Each of the column vectors above is in R1500.

We want the best linear combination of the 30 + 1 feature column vectors (that is, the best
β0, β1, . . . , β30) that is the closest possible to the column vector Y .
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Another equivalent matrix representation


y1
y2
...

y1499
y1500

 ≈ β0


1
1
...
1
1

+β1


área1
área2

...
área1499
área1500

+β2


idade1
idade2

...
idade1499
idade1500

+. . .+β30


salão1
salão2

...
salão1499
salão1500


is equivalent to

y1
y2
...
...

y1499
y1500


︸ ︷︷ ︸
Y , 1500×1

≈



1 renda1 area1 · · · salao1
1 renda2 area2 · · · salao2
...

...
...

...
...

...
...

...
1 renda1499 area1499 · · · salao1499
1 renda1500 area1500 · · · salao1500


︸ ︷︷ ︸

X , 1500×31


β0
β1
...

β30


︸ ︷︷ ︸
β, 31×1

This looks similar to a linear system: Y ≈ X β
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A solution

What if we write as a linear system, substituting the ≈ by an = sign?

Y
1500×1

= X
1500×31

β
31×1︸ ︷︷ ︸

1500×1

This is an overdetermined system: it has more equations (more rows or
apartments) than variables (features, the 31 columns of X ). Hence, it has
no exact solution.

This leads us to look for the closest "solution": the vector β that
minimizes the distance between Y and X β.

That is, we want
β̂ = argmin

β
||Y − Xβ||︸ ︷︷ ︸

||r(β)||
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The least squares solution

As
||r(β)|| =

√
||r(β)||2 =

√
||Y − Xβ||2

and the length of a vector is a non-negative number, we have

β̂ = argmin
β

√
||Y − Xβ||2 = argmin

β
||Y − Xβ||2

The minimum value is different in each case, but the minimizing argument
β̂ is the same.

This justifies to avoid minimizing the vector length ||r(β)|| and rather
minimizing its square length ||r(β)||2, dropping the square-root function
from consideration.

In ML, we use the Pythagoras theorem extensively, which works with the
squares of the sides of a right-angle triangle.
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Before the formal (rigorous) solution, a pit stop

A very simple mnemonic to remember the least squares solution is as
follows: We want β such that X β ≈ Y .

Multiply both sides of this approximation by the constant matrix X⊤.
Then:

X⊤ X︸ ︷︷ ︸
31×31

β︸︷︷︸
31×1

≈ X⊤ Y︸ ︷︷ ︸
31×1

.

This is neither an overdetermined nor an underdetermined linear system,
but a square system that has a unique and exact solution: multiply both
sides by (X⊤ X )−1 and then

(X⊤ X )−1X⊤ X︸ ︷︷ ︸
I

β = (X⊤ X )−1X⊤ Y .

or
β = (X⊤ X )−1X⊤ Y .

This is the least squares solution, a simple matrix multiplication. We will
see a deeper view of this LS solution next.
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Another pit stop

We want to find β0, . . . , βp that minimizes

n∑
i=1

(yi − β0 − β1xi1 − · · · − βpxip)
2

The usual solution: Take the partial derivative with respect to each βj and
equate each of them to zero.

This leads to a linear system, called the normal equations, that we have
just met in the previous slide:

X⊤ X︸ ︷︷ ︸
31×31

β︸︷︷︸
31×1

= X⊤ Y︸ ︷︷ ︸
31×1

.

If (X⊤ X ) is invertible, then the least-squares estimator is

β = (X⊤ X )−1X⊤ Y .
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General linear regression model

Y ∈ Rn, X ∈ Rn×(p+1), β ∈ Rp+1.

The first column of X is usually the vector of ones.

Objective
Minimize
n∑

i=1

(yi − β0 − β1xi1 − · · · − βpxip)
2 = ∥Y−Xβ∥2 = (Y−Xβ)⊤ (Y−Xβ)
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A more theoretical viewpoint

Instead of seeing least squares only as numerical optimization, we can view
it geometrically.

We need to work in vector spaces.
We need a notion of distance.
We need a notion of orthogonality.

This perspective extends naturally to spaces of functions and motivates the
phrase:

least squares = orthogonal projection.
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Vector spaces and subspaces

Let V be any vector space.
A subset W ⊆ V is a vector subspace if:

0 ∈ W ;
whenever u, v ∈ W , then u + v ∈ W;
whenever u ∈ W and c ∈ R, then cu ∈ W.

Least-squares setting
The relevant subspace is the set of all linear combinations of the columns
of X .
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Vector subspace, in a nutshell

Informally: A vector subspace W of a vector space V is a subset of V such
that:

the sum of two vectors in W remains in W
multiplying a vector in W by a scalar remains in W
The vector 0 (zero) belongs to W

Vector Subspace
That’s all: W is a vector space and we don’t leave it when manipulating its
vectors with addition or scalar multiplication.
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Column space of X

Define
C(X ) = {v ∈ Rn : v = Xβ for some β ∈ Rp+1}.

C(X ) is the column space of X .
It is a subspace of Rn.
The subspace C(X ) has dimension ≤ p + 1 (the number of columns of
X )
The approximation to Y is a vector Xβ that lies in C(X ).

Geometric problem

Find the point (vector) Ŷ = X β̂ ∈ C(X ) that is as close as possible to Y .
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Find the point (vector) Ŷ = X β̂ ∈ C(X ) that is as close as possible to Y .

Renato Assunção ESRI and DCC/UFMG LS as orthogonal projection 15 / 44



What is the column space of X in a specific case?

Consider the price apartment prediction example: X has 31 columns, each
column being a vector in R1500.

C(X ) =


β0


1
1
...
1
1

+ β1


área1
área2

...
área1499
área1500

+ β2


idade1
idade2

...
idade1499
idade1500

+ . . .+ β30


salão1
salão2

...
salão1499
salão1500




C(X ) is a subset of R1500 vectors.

Vector 0 = (0, . . . , 0)⊤ ∈ R1500 belongs to C(X )

Adding two vectors of C(X ) we still have a linear combination in C(X ).

Multiplying a vector of C(X ) by c ∈ R we still have a linear combination in C(X ).
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Geometry of least squares

Figure: Representation of the vector Y ∈ R1500. The inclined plane represents the
vector subspace C(X ) generated by a matrix X , with only two columns, the
vectors X1 and X2, both in R1500. The vector subspace C(X ) has dimension 2.
Identify visually the point (vector) in C(X ) that minimizes ∥Y − Xβ∥2.
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Dimension of C(X )

From linear algebra, if the columns (or vectors) of X are linearly
independent, the dimension of C(X ) is the number of columns.

When are they linearly dependent? When we can find a set of values for
β0, . . . , βp such that they are not all zeros and

β0


1
1
...
1
1

+ β1


área1
área2

...
área1499
área1500

+ β2


idade1
idade2

...
idade1499
idade1500

+ . . .+ β30


salão1
salão2

...
salão1499
salão1500

 =


0
0
...
0
0


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Dimension of C(X )

Assume that β2 ̸= 0. Then, we can divide by β2 and therefore rewrite this
equation as

idade1
idade2

...
idade1499
idade1500

 = −
β0

β2


1
1
...
1
1

−
β1

β2


área1
área2

...
área1499
área1500

− . . .−
β30

β2


salão1
salão2

...
salão1499
salão1500


It is practically impossible to write all 1500 ages as an exact linear combination of the remaining
features (areas, number of rooms, etc.)

Hence, in most applied problems, the columns of X are linearly independent and the dimension
of C(X ) is the number of columns. We will assume this from now on.
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Orthogonal projection theorem

Let W ⊆ V be any vector subspace of the vector space V = Rn.

Theorem
For every v ∈ Rn, there exists a unique vector v̂ ∈ W that minimizes

∥v − w∥, w ∈ W.

Moreover, the residual vector v − v̂ is orthogonal to the subspace W.

Figure: Representation of the vector v ∈ Rn, the subspace W, the optimal
v̂ ∈ W, and the residual vector r = v − v̂ .
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Notation

In linear regression, W = C(X ) and the orthogonal projection is Ŷ = X β̂.
Remind the inner product with column vectors:

For column vectors v ,w ∈ Rn,

⟨v ,w⟩ =
n∑

i=1

viwi = v⊤ · w = v1 v2 · · · vn ·

w1
w2
...
wn

Orthogonality means

v ⊥ w ⇐⇒ ⟨v ,w⟩ = v⊤ · w = 0
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The theorem in the regression setting

Theorem

For every Y ∈ Rn, there exists a unique vector Ŷ = X β̂ ∈ W = C(X )
that minimizes ∥Y − Xβ∥.

Moreover,

The vector Ŷ = X β̂ that minimizes the distance must satisfy

Ŷ ⊥ (Y − Ŷ ) or, equivalently, X β̂ ⊥ (Y − X β̂).

To prove the theorem, we:
show that, to have X β̂ ⊥ (Y − X β̂), we must have
β̂ = (X⊤X )−1X⊤Y .
Then, we show that, with this β̂, we minimize the distance
∥Y − Xβ∥2.
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Proof: Orthogonality implies that β̂ = (X⊤X )−1X⊤Y .

Let Y ∗ = Xβ for a non-null β.
Suppose that, for this Y ∗ = Xβ we have

Y ∗ ⊥ (Y − Y ∗)

Therefore, their inner product is zero:

0 = (Y ∗)⊤ · (Y − Y ∗)

= (Xβ)⊤ · (Y − Xβ)

= β⊤X⊤ · (Y − Xβ)

= β⊤
(
X⊤Y − X⊤Xβ

)
For this expression to be zero for all possible Y and X , we must have
either β = 0 or the second expression in parenthesis equal to zero.

But we assume that β is a non-null vector. Therefore,
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Proof: Orthogonality implies that β̂ = (X⊤X )−1X⊤Y .

We have
0 = X⊤Y − X⊤Xβ

and therefore,
X⊤Y = X⊤Xβ

Multiplying both sides by (X⊤X )−1, we have

(X⊤X )−1X⊤Y = β

Therefore, if β is a coefficient vector such that the orthogonality condition

Xβ ⊥ (Y − X β̂)

is valid, then we must have only a single value for β, and it is equal to

β̂ = (X⊤X )−1X⊤Y

We will show now that, with this value for β̂, we minimize the distance
between Y and Xβ.
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Proof: Ŷ = X β̂ minimizes the distance to Y

Using the value for β̂ that we just found, let
Ŷ = X β̂ = X (X⊤X )−1X⊤Y β̂

Consider ∥Y − Xβ∥2 for an arbitrary β.

Add and subtract X β̂

Y − Xβ = Y − X β̂ + X β̂ − Xβ

∥Y − Xβ∥2 = (Y − Xβ)⊤ (Y − Xβ) =

=
(
(Y − X β̂) + (X β̂ − Xβ)

)⊤(
(Y − X β̂) + (X β̂ − Xβ)

)
= (Y − X β̂)⊤(Y − X β̂) + (Y − X β̂)⊤(X β̂ − Xβ)+

+ (X β̂ − Xβ)⊤(Y − X β̂) + (X β̂ − Xβ)⊤(X β̂ − Xβ)

= ∥Y − X β̂∥2 + 2 (Y − X β̂)⊤(X β̂ − Xβ)︸ ︷︷ ︸
A

+∥X β̂ − Xβ∥2
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Proof (cont)

We show now that A = 0:

A = (Y − X β̂)⊤ (X β̂ − Xβ)

=
(
Y − X (X⊤X )−1X⊤Y

)⊤
(X β̂ − Xβ)

=
(
((I − X (X⊤X )−1X⊤)Y )⊤

)
(X β̂ − Xβ)

=
(
Y⊤(I − X (X⊤X )−1X⊤)⊤

) (
X (β̂ − β)

)
= (∗)

We have (
I − X (X⊤X )−1X⊤)⊤ = I⊤ − (X⊤)⊤

(
(X⊤X )−1)⊤X⊤

= I − X
(
(X⊤X )⊤

)−1X⊤

= I − X (X⊤X )−1X⊤
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Proof (cont)

Hence,

(∗) = Y⊤ (
I − X (X⊤X )−1X⊤)X (β̂ − β)

= Y⊤
[
(I − X (X⊤X )−1X⊤)X

]
(β̂ − β)

= Y⊤
[
X − X (X⊤X )−1X⊤X︸ ︷︷ ︸

I

]
(β̂ − β)

= Y⊤ [X − X ] (β̂ − β)

= Y⊤ [0] (β̂ − β)

= 0
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Proof (cont)

Therefore,

∥Y − Xβ∥2 = ∥Y − X β̂∥2 + 0 + ∥X β̂ − Xβ∥2︸ ︷︷ ︸
≥0

≥ ∥Y − X β̂∥2

As ∥X β̂ − Xβ∥2 is a distance between vectors, it must be ≥ 0.

In conclusion,
β̂ = (X⊤X )−1X⊤Y

is the vector of coefficients β that minimizes

∥Y − Xβ∥2 .
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Summary: Regression is orthogonal projection

Our problem is to find β̂ such that X β̂ is closest to Y .
The orthogonal projection theorem guarantees existence and
uniqueness of such β̂.
The solution is the unique β̂ such that X β̂ is the orthogonal
projection of Y into C(X )

But how to find this unique β̂ that provides the orthogonal projection?
The orthogonal projection theorem also helps by saying that it must
be the unique β̂ such that X β̂ is orthogonal to Y − X β̂.
This implies that

β̂ = (X⊤X )−1X⊤Y .
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Concrete Compressive Strength dataset

Dataset from Kaggle
Concrete compressive strength is a measure of concrete’s ability to
withstand loads that tend to compress or reduce its volume.
Watch some videos from YouTube
It is one of the most critical properties of concrete, indicating its
ability to withstand structural loads without breaking.
It is defined as the maximum compressive stress that concrete can
withstand before failure.
It is determined by applying a compressive load to a concrete sample
(usually a cube or cylinder) under controlled conditions until it breaks.
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https://www.kaggle.com/datasets/elikplim/concrete-compressive-strength-data-set
https://www.youtube.com/shorts/yGpwrL0zwHI


Kaggle dataset

Aim: to predict compressive strength of concrete from material
composition.
Number of samples: 1030.
Number of predictors: 8.

Figure: Response variable
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Available features

Figure: Nine Features
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Matrix (X⊤X )

Figure: Matrix (X⊤X )
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Output with stasmodels Python library
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R2 and the prediction quality
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Projection and prediction quality

If the columns of X are useful predictors...

...and the linear model is a reasonable approximation for E(Y | X = x),

then ...
Y ≈ Ŷ = X β̂.

A natural question is: How good is this approximation? How well can we
predict Y with this linear regression model?

How to get a measurement to work well in different problems, having widely
different scales and variation ranges?

Y can be a proportion such as unemployment rate (Y ∈ (0, 1)); in others,
we talk about healthy "bad" cholesterol measurements (< 130 mg/dL);
some deal with house prices in millions of dollars.

Idea for a universal measurement
Get the total variability of Y and verify what percentage can be explained by the
concomitant variation of X .
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Decomposing the variance of Y

The response variable Y (apartment prices) varies widely, some apartments
being extremely expensive while others have low prices. Why this happens?

We hope that the features X (area, number of rooms, etc.) will be able to
"explain" most of this variation in Y .

We hope X contains the main factors causing the change in Y .

An expensive apartment can have its high price "explained" by its large area,
great number of rooms, etc.

The low price of another is explained by its small area, only one room, etc.

In a good linear regression model, the variation of prices is mostly
"explained" by the variation of the features.
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Decomposing the variance of Y

We will be able to, in any regression problem, find a way to decompose the
total variation of the response variable Y into two components:

1 The first one captures the part of this total variation of Y that is
"explained" by the variation of the features in X .

2 The second component contains the residual variation, what is not
associated with the variation of X .

3 This second component is "explained" by other factors different from
those in X .

4 These missing factors could be variables that are: impossible to
measure, too expensive to collect, with so small an impact that it is
not worthwhile to collect, or those that we are not even aware of their
influence.

A good linear regression model, that predicts well Y based on X , should
have the first component much larger than the second one.
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Decomposition around the mean

Let Ȳ = 1
n

∑n
i=1 Yi , the average value of the response variable (a scalar

number).

Define the n × 1 column-vector given by
Ȳ = (Ȳ , Ȳ , . . . , Ȳ )⊤ = Ȳ (1, 1, . . . , 1)⊤ = Ȳ 1⊤

By adding and subtracting the same vector, we can write Y as

Y − Ȳ = (Ŷ − Ȳ ) + (Y − Ŷ )
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Decomposition around the mean

Y − Ȳ = (Ŷ − Ȳ ) + (Y − Ŷ ) means

y1
y2
.
.
.

y1499
y1500

 −



ȳ
ȳ

.

.

.
ȳ
ȳ

 =



ŷ1
ŷ2
.
.
.

ŷ1499
ŷ1500

 −



ȳ
ȳ

.

.

.
ȳ
ȳ

 +



y1
y2
.
.
.

y1499
y1500

 −



ŷ1
ŷ2
.
.
.

ŷ1499
ŷ1500


or, equivalently, 

y1 − ȳ
y2 − ȳ

.

.

.
y1499 − ȳ
y1500 − ȳ


︸ ︷︷ ︸

Y−ȳ1

=



ŷ1 − ȳ
ŷ2 − ȳ

.

.

.
ŷ1499 − ȳ
ŷ1500 − ȳ


︸ ︷︷ ︸

Ŷ−ȳ1

+



y1 − ŷ1
y2 − ŷ2

.

.

.
y1499 − ŷ1499
y1500 − ŷ1500


︸ ︷︷ ︸

Y−Ŷ

We decompose the vector Y (centered on its mean) into two pieces. Let
us look at what these components are.
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Decomposition around the mean

What do we gain by writing Y − Ȳ = (Ŷ − Ȳ ) + (Y − Ŷ ) ?

The right-hand side vectors are orthogonal to each other (left as an
exercise). Therefore,

||Y − Ȳ ||2︸ ︷︷ ︸
SSTO

= ||Ŷ − Ȳ ||2︸ ︷︷ ︸
SSReg

+ ||Y − Ŷ ||2︸ ︷︷ ︸
SSE

The left-hand side does not depend on the linear model. It is the variation of
Y around its global (marginal mean).

The last term represents what remains of variation after we use X to predict
in Y . If this term is zero, we have a perfect predicition.

The first term of the right-hand side represents how much variation we have
in Ŷ around its mean (as an exercise, also show that the mean of Ȳ is ȳ .

It represents the amount of variation present in the predicted Y ’s.

The sum of the parts on the right is constant and does not depend on the
model. If the model is good, it should make the last part very small
compared to the total on the left-hand side.
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The right-hand side vectors are orthogonal to each other (left as an
exercise). Therefore,
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Coefficient of determination R2

A residual vector with a small length indicates a good fit of the linear
regression model.

The usual summary measure is

R2 = 1 − ∥Y − Ŷ ∥2

∥Y − ȳ 1 ∥2

= 1 − SSE
SSTo

=
∥Ŷ − Ȳ ∥2

∥Y − ȳ 1 ∥2

=
SSReg
SSTo

.

R2 close to 1 indicates a strong fit.
R2 compares the explained variability (the variation of Ŷ ) with the
total variability of Y .
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Hat matrix

Recall:
β̂ = (X⊤X )−1X⊤Y .

Therefore,
Ŷ = X β̂ = X (X⊤X )−1X⊤Y = HY ,

where
H = X (X⊤X )−1X⊤.

H is called the hat matrix because it puts a hat on Y .

Renato Assunção ESRI and DCC/UFMG LS as orthogonal projection 43 / 44



Hat matrix

Recall:
β̂ = (X⊤X )−1X⊤Y .

Therefore,
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Basic properties of the hat matrix

H is an n × n matrix.
H is the orthogonal projection matrix onto C(X ).
H2 = H (idempotent).
H⊤ = H (symmetric).
The proof of these results is left as exercise.

Geometric meaning
Applying H to any vector Y returns its projection HY onto the column
space of X .
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