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Automatic Parallelization

* One of the Holy Grails of compiler research is automatic
parallelization.

 We say that a program is sequential if developers
did not take parallelism into consideration when
coding it.

 We say that a machine is parallel if it can run
several threads or processes at the same time.

— Henceforth, we will be only interested in running
several threads at the same time.

THE HoLy QUESTION: HOw TO COMPILE A SEQUENTIAL What is the
difference

between thread

PROGRAM TO A PARALLEL MACHINE, SO THAT IT TAKES
MAXIMUM BENEFIT FROM PARALLELISM? and process?
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The Gold is in the Loops

* Most parallelizing compilers focus on loops.

 Some loops can be translated to highly parallel code.
— Others cannot.

1 for (I =0 1< Ny i+ 1) Which of these two loops is
\ ali] = 0; more parallelizable?
2) In general, which factors
2 for(i=N-2;i20;i++){ | determinewhenaloopis |KTENE
ali] = a[i] - a[i + 1]; more or less parallelizable? PARALLEL CONPUTING
} MICHAEL WOLFE

Loops are so important that there are g
even whole books that only talk about




GPUs as a Target

* In the good old days, it was hard to find a massively
parallel hardware at an accessible cost.

* Fortunately, these days are good and gone.
— Modern GPUs gives us hundreds of cores for a few bucks.

* We shall be seeing some techniques to translate C loops
to kernels implemented in C for CUDA®.

Which factors must be
taken into consideration
when deciding if we
implement an algorithm
to the GPU or to the
CpPU?

The Nvidia GTX 570 can
run 1,536 threads at the
same time, on 14 Stream

Multiprocessors clocked at
1,464MHz!

®: We are assuming that you already know a bit about GPUs. If you don't, then take a look into
our class about Divergence Analysis.



When to Run Code on the GPU?

void matMulCPU (float* B, float* C, float* A, unsigned int Width) {
for (unsigned int i = 0; i < Width; ++i) {

for (unsigned int j = 0; j < Width; ++j) {

Ali * Width +j] =0.0;

for (unsigned int k = 0; k < Width; ++k) {

Ali * Width + j] += B[i * Width + k] * C[k * Width + j];

}

}

} void matSumCPU(float* B, float* C, float* A, unsigned int Width) {

} for (unsigned int i = 0; i < Width; ++i) {

for (unsigned int j = 0; j < Width; ++j) {
A[i * Width + j] = B[i * Width + j] + C[i * Width +j];
}

} Which of these two
} algorithm would benefit

more from the parallelism
available in the GPU?
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The Long and Perilous Trip

* If we want to run a program on the GPU, we need to
move the data that this program manipulates from the
host (the CPU) to the device (the GPU).

— Copying this data is pretty expensive.

* If our parallel complexity is not much better than the
sequential complexity, then the cost of moving the data
back and forth makes the use of the GPU prohibitive.

* In other words, it is worthwhile to run a program on the
GPU when:

OP = Parallel Complexity
OP + O9 < Os 09=Communication Complexity
Os = Sequential Complexity



Matrix Multiplication in C

void matMulCPU(float* B, float* C, float* A, unsigned int Width) {
for (unsigned int i = 0; i < Width; ++i) {
for (unsigned int j = 0; j < Width; ++j) {
Ali * Width + j] = 0.0;
for (unsigned int k = 0; k < Width; ++k) {
Ali * Width + j] += B[i * Width + k] * C[k * Width +j];
}

} "
J 1) What is the complexity of this code on a What
} sequential machine? e W
0
15| e PRP‘N\
2) What is the parallel complexity of this code, in | * Jde?

the PRAM model?

3) What is the cost of moving data to and from
the GPU?
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Matrix Multiplication in C

void matMulCPU(float* B, float* C, float* A, unsigned int Width) {
for (unsigned int i = 0; i < Width; ++i) {
for (unsigned int j = 0; j < Width; ++j) {
Ali * Width + j] = 0.0;
for (unsigned int k = 0; k < Width; ++k) {
Ali * Width + j] += B[i * Width + k] * C[k * Width +j];

}
} . .
import time
} .
} import subprocess

for M in range(1000, 3000, 500):

In case you feel like running for N in range(1000, 3000, 500):

this code yourself, to plot a start = time.time()

chart, you can try this subprocess.call(['./mulMatrix', str(M), str(N)])

elapsed = (time.time() - start)

size=M* N
print (str(size) +', ' + str(elapsed))

python driver.
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Matrix Multiplication in CUDA

__global__ void matMulCUDA(float* B, float™ C, float* A, int Width) {

float Pvalue = 0.0;

int tx = blockldx.x * blockDim.x + threadldx.x;
int ty = blockldx.y * blockDim.y + threadldx.y;

for (int k = 0; k < Width; ++k) {

Pvalue += B[ty * Width + k] * C[k * Width + tx];

}

A[tx + ty * Width] = Pvalue;

1)

2)

3)

What is the complexity of this version of
matrix multiplication in C for CUDA?

What happened with all those loops in our
original algorithm?

How many threads will run this program?
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To run or not to run...

Matrix multiplication is a typical application that benefits
from all that parallelism available on the GPU. The
calculation that we do is like this:

It is worth using the GPU when: O° + 09 < O°

In the case of matrix multiplication, we have:
OP = Parallel Complexity = O(N)

09 = Communication Complexity = O(N?2)

Os = Sequential Complexity = O(N3)

So, in the end, we have O(N) + O(N?) = O(N?) £ O(N?3)
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Matrix Multiplication: CPU x GPU

GeForce 9400 GT

than the GPU. But once we start

increasing the size of these matrices,

the highly parallel nature of the GPU
starts paying off. Around squared

matrices with 300 rows, the GPU starts
becoming consistently faster.

For small matrices, the CPU is way faster
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Matrix Sum in the CPU

void matSumCPU(float* B, float* C, float* A, unsigned int Width) {
for (unsigned int i = 0; i < Width; ++i) {
for (unsigned int j = 0; j < Width; ++j) {
A[i * Width + j] = B[i * Width +j] + C[i * Width + j];
}

) a; by n ax ba| |ap+az b1+ Do
c1 dy co do| |e1+co dy+ds

}

1) What is the complexity of this code on a
sequential machine?

2) What is the parallel complexity of this code, in
the PRAM model?

3) What is the cost of moving data to and from
the GPU?
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Matrix Sum in the GPU

__global _ void matSumCUDA(float* B, float* C, float™* A, int Width) {
int tx = blockldx.x * blockDim.x + threadldx.x;

int ty = blockldx.y * blockDim.y + threadldx.y;
Altx + ty * Width] = B[tx + ty * Width] + C[tx + ty * Width];
}

1) What is the complexity of this version of
matrix multiplication in C for CUDA?

2) How many threads will run this program?

3) So, in the end, is it worthwhile running
matrix sum on the GPU?




Matrix Sum: CPU x GPU
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To run or not to run... the same old decision

Matrix sum does not benefit too much from all that
parallelism available on the GPU. Again, remember that it is
worth using the GPU when: OP + 09 < O°

In the case of matrix sum, we have:

OP = Parallel Complexity = O(N)

09 = Communication Complexity = O(N?2)
Os = Sequential Complexity = O(N?)

So, in the end, we have O(N) + O(N?) = O(N?) £ O(N?)
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Making Decisions

* In general, it is worth running a program on the GPU
when:
— This program has available parallelism.

— The data tends to be reused often.

* There are techniques that we can use to estimate the
amount of parallelism in a loop, and the amount of reuse

of the data.
1) How to estimate how
* These techniques use a bit of linear many times each
position of an array is
algebra' used inside a loop?

— Oh, you did not think you would be
rid of it, did you?

2) How to estimate the
amount of parallelism
within the loop?
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Data Reuse

e Data reuse is a measure of how often data is accessed
within a loop.

* If the data is just used once, then it may not be
worthwhile to send it to the GPU, for instance.

for (i=1;i<N;i++) How many times each
_ _ _ position of each array is
for (j=0;j<N-1; j++) written within this loop?
X[i-1]=..;
Yoli, jl = ...;
Y, j+1]=..;
Y,[1, 2] =..;

Z[1, 0, 2% +j] = ...



Data Reuse

e Data reuse is a measure of how often data is accessed
within a loop.

Each X[i - 1] is written once for each
different j, so this location is reused O(N)
times

Can you come up with a
general rule?

for(i=1;i<N; i++) Each Y,[i, j] is written once for each pair i,
j, so this data is reused only once.

for(j=0;j<N-—1;j#+)
Each Y,[j, j+1] is accessed once for each i,

X[i-1]=..; so this location is reused O(N) times.
Yoli, il = ...; Y,[1, 2] is written at each iteration of the
: loop, so this location is reused O(NxN) =
Y., i+1]=..; O(N?) times.
Y,[1,2]=..; Each Z[1, i, 2*i +j] is written once for each

possible combination of i and j, so these
Z[1,1, 2%i+j] = ..; locations are only reused once apiece.



Comparing Dimensions

* As a first approximation, if we access a k-dimensional
array within d nested loops, each one with an O(N) trip
count, then we tend to reuse the same data O(N9-¥)
times.

e This rule works in these two first

for (i=1;i<N;i++ , , , ,
( ) iterations, but it does not quite

for (j=0;j<N—1;j++) work on the last three.
X[i-1]=..; (\J
Yo:i; il=...; Can you come up with
o o a way to estimate the
Yl i+ 1= "dimension" of each
Y.[1,2] = .. of these three last
2L B accesses?

Z[1, 0, 2% +j] = ...



The Data Access Space

 The data access space is a collection How to find the

of points that determine which
indices of an array are accessed
within a loop.

for (i=1; i< N; i++) X[0]
for(j=o;j<N——1;y'
X[i-1]=..;
Yo:i, il=...;
Y, j+1]=..;
Y,[1, 2] =..;

Z[1, 0, 2% +j] = ...

x[1] X2

dimension of the
data space?

X[3] Xl4Le2

T .

Y[3,0] Y[3,1] Y[3,2] YI[3,3]

Y[2,0] Y[2,1] Y[2,2] Y[2,3]

° ° °
Y[1,0] Y[1,1] Y[1,2] YI[1,3]

L L @ >

j



Accesses as Matrices

* \We can represent an array access

such as X[ai + bj + ¢, di + ej + f]
using a matrix notation.

1 for (i = 0; i < N; ++i) {
2 for (j=0;j < N; ++j) {
A['! J] = OO’ ______ T

W

4 for (k =0; k< N; ++k) {

5 Ali, j] += BIi, K] * CIk, j];
6 ) TN \
7} i

$ )

a
d

1007
010
1000

1007
000
001

(000 |
010

001

b
€

SO O

SO O SO O




cccccccc

* We can represent an array access
such as X[ai + bj + ¢, di + ej + f]
using a matrix notation.

for (i=1;i<N;i++)

for(j=0;j<N-—1; j++)

X[i-1]=..;
Yoli, jl = ...;
Y, j+1]=..;
Y,[1, 2] =..;

Z[1, 0, 2% +j] = ...

Accesses as Matrices

bl [i] [c
€

a
d

What is the matrix

representation of the
data space of each of
these array accesses?




Accesses as Matrices

The dimension of the data

access space is the rank of - i 1
the coefficient matrix F, in [ ]x[ j]+ 1]
FijI+ f
o 1Ll
x| |+
O 1 |j| |O
for (i=1;i<N; i++) J
for (j=0;j<N-1;j++) [o 1] i} 0}
o 1|7[j|"|1
X[i—1] =..; J
Yoli, jl1=...; [O 0] H i
x| .|+
L o o’ il |2
Y1.J,J+1]=../ | L] 12
Y,[1,2]=..; 0 O ; 1]
e 1 _/1 Ox[]+0
Z[1,i, 2% +j] =..; 21 J 0

Do you remember
what is the "rank"
of a matrix?




The Rank of a Matrix

 The rank of a matrix F is the largest number of columns
(or rows) of F that are linearly independent.

* Aset of vectors is linearly independent if none of the
vectors can be written as a linear combination of the
others.

'O Q| ¢ Forinstance, the rank of this matrix on the
10 left is 2, because the first row, e.g., R,, can
be written as 0xR; + OxR,.
2 1| .

There are standard linear algebra
techniques to find the rank of
matrices, and we shall not
review them here.
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Estimating Reuse from the Rank of Data Space

* If the iteration space of a loop has d dimensions, each
one with an O(N) trip count, then an access whose data
space has rank k will be reused O(N9-¥) times.

* Thatis the first time that we talk about iteration space of
a loop, but the concept is straightforward:

— The iteration space of a nested loop is the set of possible
combinations of trip counts of every loop in the nest.

for (unsigned inti=0; i< N; ++i) What is the
for (unsigned int j = 0; j < N; ++j) ERITEN SPETE 6
our matSum

A[II J] = B[Ir .'] + C[II J]; example?




lteration Spaces
for (unsigned int i = 0; i < N; ++i) A
for (unsighedintj=0;j<N;++) | . ... ... ..

Al T=BO 0 +COL0L

for (unsigned inti=0; i< N; ++i)
for (unsigned int j = 0; j < N; ++j) {
Ali, j] =.0; And how is the
for (unsigned int k = 0; k < N; ++k) { iteration space of
Ali, ] += B[i, k] * Clk, ]]; our mulMat
} example?




Iteration Spaces
for (unsigned int i = 0; i < N; ++i) 1D
for (unsighedintj=0;j<N;++) | . ... ... ..
Ali, j] = BIi, j] + C[i, jl; St

for (unsigned inti=0; i< N; ++i)
for (unsigned int j=0; j < N; +4j) { | \
Ali, j1 = .0; S e,

Qo---0----Sa

for (unsigned int k = 0; k < N; ++k) { R e

Qz-----0----"x_

A[II J] += B[Ir k] * C[kl J]; o o og---o 6~ -0 ---© 1—,—\-\-\:?--\-\320




PROGRAMA DE Pos-GquuAiAo
EM CIENCIA DA COMPUTAGAO
- UFM

The Pigeonhole Principle

* if nitems are put into m pigeonholes with n > m, then at
least one pigeonhole must contain more than one item.

In this figure, taken from
wikipedia, we have n =10
pigeons in m =9 holes. Since 10
is greater than 9, the
pigeonhole principle says that
at least one hole has more than
one pigeon.

If the iteration space has more points than
the data access space and data is accessed
at each iteration, then some points in the
data space will be reused in different
iterations, by the pigeonhole principle.

In general it is not so easy to tell the exact
number of points in either the data space
or in the iteration space. We approximate
these notions by using the rank, i.e., the
number of dimensions of each kind of
space.



X[i-1]

YO[ir J]

Y]_[jl J+1]

Y,[1, 2]

Z[1,0,2 * i +j]

Estimating Reuse

Remember, reuse can be approximated

1 O] y I . [_ 1 by O(N9-¥), where d is the rank of the
' - iteration space, k is the rank of the data
J
10 110 space, and N is the trip count of each
! iteration.
x| [+
0 1} L- 0
01 X I_ + 0 1) What is the rank of each
O 1 J 1 of the coefficient
] o matrices seen on the
0 O (il 1 left?
X +
O O |Jj] (2
1 UL 14 2) Assuming a 2D iteration
00 . [71 space, what is the
/ amount of reuse
10 X[ -]"' 0 available in each
2 1 J 0O example?
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o -

Estimating Reuse

Access: Rank: Reuse:
X[i-1] 1 O(N)
Yoli, jl 2 O(1)

Y,[j, j+1] 1 O(N)

Y,[1, 2] 0 O(N?)

Z[1,0,2 * i +j] 2 0(1)
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Reuse in Matrix Sum

for (unsigned inti=0; i< N; ++i)
for (unsigned int j = 0; j < N; ++j)
Ali, j1=Bli, jl + C[i, j];

1) Can you write each array
access in matrix notation?

2) What is the rank of each
matrix?

3) How much reuse do we
have in this loop?
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Reuse in Matrix Sum

for (unsigned inti=0; i< N; ++i)
for (unsigned intj = 0; j < N; ++j)
Ali, j] = BIi, jl + Cli, jI;

All the array accesses have this format:

1 0O (/] |O
x| |+
O 1 {j| |0
The coefficient matrix has rank 2. This is the rank of the data access
space. Given that our iteration space has rank 2, we have that each
access is reused O(N?~2) times. In other words, we read each memory

position only once in this nested loop. Copying this data to the GPU, to
use it only once might not be a good idea.
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Reuse in Matrix Multiplication

for (unsigned inti=0; i< N; ++i)
for (unsigned intj=0; j < N; +4j) {

Same as before:

Ali, j] = .0; 1) Canyou write each array
for (unsigned intk=0; k<N:; ++k) access in matrix notation?
All, j1 += B[i, k] * C[k, j]; 2) What is the rank of each

} matrix?

3) How much reuse do we
have in this loop?




Reuse in Matrix Multiplication
for (unsigned inti=0; i< N; ++i) Each coefficient matrix
for (unsigned intj=0; j < N; +4j) { has rank 2. All the
Ali, j] =.0; accesses occur within a 3D
for (unsigned int k = 0; k < N; ++k) iteration space. Hence,
Ali, j1 += B[i, k] * C[k, jI; each access is reused
} \ O(N3-2) = O(N) times.
[/ | [/ | \ [/ |
[100] _ [O} [100} | (O [001] _ O]
x| J|+ X | J|+ X | J|+
O10 Of |0 O 1 0 O10 0]
_k_ _k_ _k_

Matrix Multiplication capitalizes well on all the power of the GPU. Each
memory location is accessed many times. Thus, the computations end

up paying for the high communication cost.
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Data Dependences

* If two statements are independent, then we can process
them in parallel.

* There exists a dependence between statements s, and s,
if they access the same location, and at least one of

these accesses is a write.
A = malloc(...);

e Usually, when determining B = malloc(...);
dependences between array for (inti=1;i<N-—1;i++){
accesses we need alias \ Alil = Bli=1];
information, as we can see in the
two examples on the right. A = malloc(...);

B=A;
* Henceforth, we shall assume ¢ inti=1,1<N=1;i++){

that no two arrays are aliases. Ali] = B[i — 1];
}
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Warm Up Problem

We can store a set of 2D points in an one-dimensional array as follows:

N = getNumPoints(&Points);
a = malloc(2 * sizeof(double) * N);
for (i =0; i < N; i++) {
a[2 *i] = _getPoint(&Points, i).x;
}
for (j=0;j < N; j++) {
a[2 * j+ 1] = _getPoint(&Points, j).y;
}

1)

2)

Can we have dependences
between statements from
different iterations of the
same loop?

Can we have dependences
between statements
within different loops?

Prove that there is no way to write the same position of array "a"
twice, either on the same loop, or in different loops. That is, prove that
there exists no dependences between each array access al...].
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Warm Up Problem

We can store a set of 2D points in an one-dimensional array as follows:

N = _getNumPoints(&Points); 1) Can we have dependences

a = malloc(2 * sizeof(double) * N); between statements from

for (i=0;i<N;i++){ different iterations of the
a[2 *i] = _getPoint(&Points, i).x; same loop? '

} cirst we conS\Sder

for (j=0;j<N; j++) { depe“deng'\eﬂerent
a[2 *j+ 1] = _getPoint(&Points, j).y; betwee'rc\ms of the

} exec” tatemem'

The first question asks us if it is possible to have 2 *i=2 *i', where i #
i'. Well, trivially we have that 2 * (i—i') =0 requires i =i'. So, the
answer for the first question is no.



cccccccc

Warm Up Problem

We can store a set of 2D points in an one-dimensional array as follows:

N = getNumPoints(&Points); (;VOW We look into |
a = malloc(2 * sizeof(double) * N); €pendences 3
o B €tween different |
for(i=0;i<N;i++){ Statement. I
a[2 *i] = _getPoint(&Points, i).x; :

} . _ _ 2) Can we have dependences
for (j=0;j <N;j++) { between statements

a[2 *j+ 1] = _getPoint(&Points, j).y; within different loops?
}

The second question is trickier: canwe have 2 *i=2*j+ 1, ifiandj
are integers? Well, 2 * (i—j) = 1; thus,i—j=1/ 2. We cannot have a
fractional difference between two integers, and the answer for the
second question is also no.
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The Greatest Common Divisor (GCD) Test

 The equation that we just saw is called Diophantine.

* A Diophantine Equation stipulates that solutions must be
Integers.

— A general procedure to solve any Diophantine Equation
was one of the open problems posed by Hilbert in the
beginning of the twentieth century.

* Today we know that there is no such a method.

* But we can know for sure when a linear Diophantine Equation has
no solution:

The linear Diophantine Equation

aX; +a,X, +..+ax =cC

has an integer solution for x,, x,, ..., X if, and only if, the
GDC(a,, a,, ..., a,) divides c.



Loops and Diophantine Equations

In order to find dependences within loops, we must solve Diophantine
Equations:

N = getNumPoints(&Points); To find dependences between

a = malloc(2 * sizeof(double) * N); two different executions of

for (i=0;i<N;i++){ this statement, we must solve
a[2 * i] = _getPoint(&Points, i).x; J the equation 2 *i=2*1,

a[2 * i+ 1] = _getPoint(&Points, i).y; ~ Which has only one solution,
} eg i=i

And to find dependences between both array accesses,
e.g., a[2*i] and a[2%*i + 1], we must solve this equation:
2*i =2%i'+ 1, which we can rewrite as 2*i— 2*i' = 1.
From the GCD test, we know that it has no solution. In
other words, GCD(2, 2) = 2, but 2 does not divide 1.

Diophantus of Alexandria
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Finding Dependences

* Finding dependences between statements within the
same iteration of a loop is easy.

— Use plain and simple reaching definition analysis.

* In order to find all the dependencies between different<>
iterations of a loop, we must

— for each array access a[E] that is a write operation:

* For each other array access, a[E']: We call such
dependencies
— Solve the Diophantine Equation E = E' inter loop

Can you find all the
dependences
between different
iterations of this
loop on the right?

for (i=0;i<N; i++)
for(j=1;j<N;j++)
ali, jl = (a[i, j] +ali,j-1]) / 2;

dependences

This loop is not as
contrived as it seems. It
is part of a smoothing
routine, used in image
processing.



Finding Dependences

for(i=0;i<N; i++) We must consider dependences
for(j=1;j<N; j++) between ali, j] and itself, and
ali, j1=(a[i, j]1 + a[i, j- 11) / 2; between ali, j] and ali, j — 1].

First, let's see if we can have any dependency between alj, j] and itself in two
different iterations:

O

O

o 1U)lolo U]

The only way we can solve this system is to have i =i’
and j =" In other words, the only time ali, j] is reused relation between
is within the same iteration. data dependences

and data reuse?
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Reuse and Data Dependences

The notion of data reuse is closely related to the concept of
data dependence. Data dependences exist only when we
reuse memory locations. Notice that we have different kinds
of dependencies, but only talk about one type of "reuse":

Can we have
reuse without
dependences?

* True dependence is implied by a read after a write, e.g.,
for(i=1;i<N;i++){a[i]=...;..=E(a[i—1]); }

e Anti-Dependence is implied by a write after a read, e.g.,
for(i=0;i<N;i++){a[i]=...;..=E(a[i + 1])}.

e Qutput dependences are created by reuse due to a write after a write, e.g.,
for(i=1;i<N;i++){a[i]=...;a[i—-1] =...}.

for (i=0;i<N; i++)
for (j=1;j<N;j++)
a[i, J] = (a[i, J] + a[i, J - 1]) / 2;

1) Is there reuse between
ali, j] and ali, j— 1]?

2) Which kind of
dependence is this one?




Finding Dependences

for (i =.0} i <.N} i"“'j) We want to know if there exist two
for(j=1;j<N;j++) points in the iteration space, e.g., (i x j)
ali,jl =(ali,jl +ali,j-1]) /2; and (i'x]j'), such thata[i', j'] = a[i, j - 1].

In other words, we want to know if the value stored at ali, j— 1] can be
produced by another iteration of the loop. If that is the case, then we should
consider assigning these two iterations to the same processor, when
generating parallel code.

0)

0

o Lo i

This system gives us two Diophantine equations.

The firstis i = i’, which has only the trivial How parallel is this
solution. The second is j— 1 =j', which has example? How fast
solution for any j'such that j' = — 1. In other could we solve it on
words, on the j dimension, one iteration depends the PRAM model?

on the iteration that happened before.



A Picture of Dependences

N =10;
for (i=0;i<N; i++)
for(j=1;j<N;j++)
ali, jl = (afi, jl+ali,j-1]) / 2;

(10, 10)

> 0—>0—>—>0—>0—>—>0—>0

r—>0—>0—>0—>0—>0—>0—>0—>0—>0

r—>0—>0—>0—>0—>0—>0—>0—>0—>0

> 0—>0—>—>0—>0—>—>0—>0

(0,0)

> > > > > > > > > ]

We can see below the iteration space
of this loop. The arrows between
different points denote dependences
between different iterations of the
loop. We can see lines on thej
dimension. There are no dependences
outside each line. Thus, we could assign

each line to a different GPU thread;
reducing from O(N2) to O(N) the
complexity of this loop. Z__
__global_ void smoothing(float®* a, int N) {
int i =bid.x * bdim.x + tid.x;
if (i<N)
for (int j=1; j < N; j++) {

alillj] = (alilf] +alilli—=11) / 2;

}
}

Is it worthwhile to
run this program
on the GPU?




1.E+04

1.E+03

1.E+02

1.E+01

1.E+00

for(i=0;i<N; i++)
for (j=1;j<N;j++)

Cost analysis

a[ir J] = (a[il J] + a[ilj B 1]) / 2;

This algorithm behaves like matSum. It
is highly parallelizable (not as much as

matSum though), but we have very little
data reuse: each location is only

accessed twice. It is not that good to
send a lot of data to the GPU, if this
data is going to be used only two times.

300 400 500 600 700 800

A CPU XGPU
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°°°°°°° A Geometric View of Anti-Dependences
for (i=0;i<N; i++) Let's consider a slightly modified
for (j=1;j < N; j++) view of our earlier example. Instead

ali, jl=(a[i,j]1 +ali,j—11)/ 2; of iterating over a[i, j — 1], we shall

consider aJi, j + 1]

This new example is curious in itself: for (i=0; i <N; i++)
iteration (i, j) reads a[i, j + 1]. Yet, this ~ for (j = 0; j < N-1; j++)

location, a[i, j + 1], will be only ali,jl=(ali,jl+ali,j+1])/ 2;

updated in a future iteration.

Well, an iteration cannot depend on something that
has not happened yet. In other words, dependences
in the iteration space go from the the null vector
towards lexicographically larger vectors. In a 2D
space, we would have:

Can you draw the
pattern of dependences
in the new kernel?

(O’ O) '



A Geometric View of Anti-Dependences

When we draw anti-dependences, the
arrows in the iteration space appear in the
opposite direction as the dependence
arrows in the data space:

Dependences in the Iteration Space

1 ¢—>e—>e—>6—>0—>06—>0—>0—>0—>0

r—>0—>0—>0—>—>0—>—>0—>0—>0

for (i=0;i<N; i++)

for (j = 0; j < N-1; j++)

ali, jl =(ali, j1 +ali, j+1]) / 2;

Dependences in the Data Space

i P E—0ECE—0ECE—0EC—0E—0E—0E—0E—0<—0

PE—0EC—0EC—0EC—0EC—0E—0E—0CE—0<—

PE—0EC—0EC—0EC—0EC—0E—0E—0CE—0<—
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Dependences in the Matrix Addition Algorithm

for (unsigned inti=0; i< N; ++i) 1) Is there any dependence
for (unsigned intj = 0; j < N; ++j) between array accesses in
Ali, jI = BIi, jl + C[i, jI; matsum?

2) We can only have inter loop
dependences in matSum. Why?

3) Furthermore, dependences, if
any, can only exist between
accesses of array A. Why?
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Dependences in the Matrix Addition Algorithm

for (unsigned inti=0; i< N; ++i) We have only one access of any
for (unsigned int j = 0; j < N; ++j) array within an iteration, so, if we
Ali, il = B[i, j1 + C[i, j]; have any dependence, it ought to

be inter loop.

Arrays B and C are only read, so there is no way we can have a dependence
between any of these accesses. In the end, we can only have inter loop
dependences on AJj, j]. Let's assume that we have two iterations, i, and i’, that

reuse the same position of A:

PUld-lo Pl

T 0)
O 1 0
The only way we can solve this system is to have i =i"and;
=j'. In other words, the dependence would have to happen

in the same iteration. But we already know that we cannot
have reuse of A[., .] in the same iteration.

In the end, how
is the iteration
space of
matSum?
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N = 10, >
for (unsigned inti=0; i < N; ++i)

for (unsigned intj = 0; j < N; ++4j)
Ali, j] = B[i, jl + Cli, jI;

Dependences in Matrix Multiplication

(0, 0)—e

(10, 10)
.

for (unsigned inti=0; i< N; ++i)
for (unsigned intj=0; j < N; +4j) {
Ali, j1 =.0;
for (unsigned int k = 0; k < N; ++k)
Ali, j] += B[i, k] * C[k, j];

1) What about matMul, can
we have dependences in
this routine?

2) On which arrays?




Reuse without Dependences
for (unsigned inti=0; i < N; ++i) We cannot have dependences
for (unsigned int j=0; j < N; ++j) { between accesses of arrays B
Ali, j] = .0; and C, because these arrays are
for (unsigned int k = 0; k < N; ++k) E”ly re?dt. NfOtice th"}t wehdo
LRl L] * . ave a lot of reuse of eac
Ali, J] +=Bli, k] = Clk, JI; position of each of these arrays.
i This is an example of reuse

without dependences.

As we had seen before, each position of arrays B or C is reused O(N) times,
because these accesses happen on a 2D data-space, within a 3D iteration

space.

So, in the end, we can only have dependences
between accesses of A[i, j]. We already know
that we have a lot of reuse of each A[j, j]. We
also know that each of these reuses is a write.
Thus, we certainly have dependences...

1) Which kind of dependence
do we have: true, anti or
output?

2) Between which iterations
do we have dependences?
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for (unsigned inti=0; i< N; ++i)
for (unsigned intj=0; j < N; +4j) {
Ali, j] =.0;

for (unsigned int k = 0; k < N; ++k)

Ali, j] += BI[i, k] * C[k, j];
}

This system has solutionifi =i',j =
j', and Ok = Ok'. We can solve 0k = 0k’
for any k and £'. This means that we
have dependences between any two
iterations on the k dimension. That is
intuitively true, because if we fix i
and j, by varying k we are writing on
the same position of A. Thus,
assigning each line on the k
dimension to a different thread is a
suitable parallelization of matMul.

Reuse without Dependences

To find all the dependences in
accesses to Ali, j], we must solve
a simple linear system:

il [O il [O
1 1
[ 0 O}xj+0=[ 0 O}xj+0

O1 0 O1 0
k| |0 Kl |0
i
II\\\ ° ° ° ° [N
e ° ° ° o .
. .. °e °e o'¢ ° .
Y \\?o ®e ’oll e . \?
| o.: s ° ';
o.l: o, © +
0 _ o ° ::9/(
°e v, @ )
° e
° ° ° J
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Are the horizontal lines parallel or do they slope?
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Assigning Computation to Threads

* We already know how to estimate reuse, and...

— how to find dependences between different iterations of a
loop.

* Now, we shall see how to assigh computations, i.e.,
statements, including whole loops, to processes.

e |f different threads do not need to communicate to solve a
problem, we call this problem synchronization free.

* We will be producing only synchronization free code.

 We could, in principle, assign the entire algorithm that we
want to parallelize to a single thread.

— The resulting code would be trivially | Canyou devise a way to

synchronization free. assign computations to
threads that yields

— But it would not be parallel... synchronization free code?




PROGRAMA DE POS- -GRADUA " A0
ccccccccccccccccc

cccccccc

* We say that a dimension of the
iteration space is commutative if
there are no dependences
between points in this iteration
space along that dimension.

— Indices in that dimension can
be solved in any order, so the
name commutative.

1) How does this notion helps us to
find synchronization free
parallelism?

2) Can you spot the commutative
dimensions in the examples on
the right?

~ Commutative Dimensions of the Iteration Space

for (unsigned int i =0; i < N; ++i)
Al[i] = B[i] + C[i];

for (unsigned inti =0; i < N; ++i)
for (unsigned int j = 0; j < N; +4j)
Alfi, j] = B[i, jl + C[i, jl;

for (i=0;i<N; i++)
for(j=1;j<N;j++)
a[il J] = (a[il J] + a[il J - 1]) / 2;

for (unsigned inti=0; i< N; ++i)
for (unsigned int j=0; j < N; +4j) {
Alfi, j] =.0;
for (unsigned int k = 0; k < N; ++k)
Ali, j] +=BIi, k] * C[k, j];



ooooooooooooooooooooo
CCCCCCCCCCCCCCCCC

" Commutative Dimensions of the Iteration Space

for (unsigned inti=0; i < N; ++i) CU] X [’] + [O] = [1] X ["] + [O]

Ali] = B[i] + C[i;

> =1
for (unsigned inti=0; i< N; ++i) [ } ’] O] [1 O}x[i%—ﬂ
for (unsigned int j = 0; j < N; ++j) ' O 1 | (O
Ali, 1 = B[i, ] + CIi, C
i=1i"and j =]’
i o LI Llo Tl
for (j=1;j < N; j++) Jl (-1 10 1 [J |0
ali, il = (ali, il + ali, - 11) / 2; C
> i=i"and j—1 =]’
for (unsigned inti=0; i < N; ++i) 1 00 il 10 1 00 i_' 0
for (unsigned int j=0; j < N; +4j) { [ }XJ+O [01 O]X J'[+10
Kl |0

Ali, j]=.0 C
for (unsigned int k = 0; k < N; ++k) i=i"and j=;' and Ok = Ok’
Ali, j] += BIi, k] * C[k, jl;
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If the only possible dependence is
between an iteration and itself,
then that dimension is

x[i]+]0]

I =1

commutative. In algebraic terms, [1 O}x ’]J,
we observe this behavior when we O 1) Il
have an equality such asi =i'in i = 'l and
the solution of the constraint
system of dependences. 1 0 [/
x| |+
0 1 |J
Ok, we already know how to find i =1i'land
out commutative dimensions. .
So, how to use this information 100 I
to assign computations to [O : O}x J
threads? In other words, what is k
tche rt?l.atlon be'fweer? threa.d i — 'l and
identifiers and iteration points?

~ Commutative Dimensions of the Iteration Space

[

=[1]x[7]+[0]

'+O=[1 0 O]x J'[+10

J+lo L

j-1=J'
0] il {0

o O Dk o

j=j'land Ok = Ok’




Mapping Iterations to Thread ldentifiers

for (unsigned inti=0; i < N; ++i)
Ali] = B[i] + C[i];

-/

I1=1

for (unsigned inti=0; i < N; ++i)
for (unsigned int j = 0; j < N; +4j)
Ali, j1 = B[, j] + C[i, jI;

./

i=1i'land|j =]’

for (i=0;i<N;i++)
for(j=1;j<N;j++)
ali, jl = (ali,jl +ali,j—1]) / 2;

!

i=i'land j—1 =]’

for (unsigned inti=0; i < N; ++i)
for (unsigned int j=0; j < N; +4j) {
Ali, j] =.0;
for (unsigned int k = 0; k < N; ++k)
Ali, j1 += B[i, k] * C[k, jI;

} i=1i'land|j =j'|and 0k = Ok’

~

int i = blockldx.x * blockDim.x + threadldx.x;
Ali] = BI[i] + C[i];

int i = blockldx.x * blockDim.x + threadldx.x;
int j = blockldx.y * blockDim.y + threadldx.y;
Ali, jl = B[i, jl + C[i, jl;

int i = blockldx.x * blockDim.x + threadldx.x;
for (intj=0;j<N; ++j) {

a[il J] = (a[ir J] + a[ir J - 1]) / 21
}

int i = blockldx.x * blockDim.x + threadldx.x;
int j = blockldx.y * blockDim.y + threadldx.y;
Ali, jl =.0;
for (int k =0; k < N; ++k) {

Ali, j1 += B[i, k] * C[k, jI;
}
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Coarser Grain Parallelism

We have shown how to parallelize nested loops along all their commutative
dimensions. However, we do not have to create threads for all the points in
the iteration space. In usual multi-core architectures, it is often the case that
we do not have that many processors anyway. So, we can be a bit coarser,
parallelizing only along a few commutative dimensions.

Matrix Multiplication Routine

for (unsigned inti=0; i < N; ++i)
for (unsigned int j=0; j < N; +4j) {
Ali, j] =.0;
for (unsigned int k = 0; k < N; ++k)
Ali, j1 += B[i, k] * C[k, jI;
}

For instance, matrix multiplication has

two commutative dimensions. This code

parallelizes each of these dimensions.
But we could have chosen to parallelize
only one dimension.

2D Parallelization of Matrix Multiplication

int i = blockldx.x * blockDim.x + threadldx.x;
int j = blockldx.y * blockDim.y + threadldx.y;
Ali, jl1=.0;
for (int k=0; k < N; ++k) {

Ali, j1 += BIi, k] * C[k, j];

AN
’ How could we parallelize

matrix multiplication along
only one of its two
commutative dimensions?
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Coarser Grain Parallelism

2D Parallelization of Matrix Multiplication In this example we chose to

int i = blockldx.x * blockDim.x + threadldx.x; Parallelize the jloop. In principle we
int j = blockldx.y * blockDim.y + threadldx.y; could parallelize along either

Ali, j] = .0; dimension of the iteration space.
for (int k = 0; k < N; ++k) { However, due to a technicality of

All, j1 += B[i, k] * C[k, jl; GPUs, known as coalesced memory
J access®, the approach that we

o , o chose is slightly better.
1D Parallelization of Matrix Multiplication

int j = blockldx.x * blockDim.x + threadldx.x;
for (inti=0;i<N; ++i){

float tmp = .0;
for (int k=0; k < N; ++k) { But, after all, which version
tmp += B[i, k] * C[k, j]; of matrix multiplication do
} you think is the best one?
Ali, j] = tmp;
}

®: See the NVIDIA Best Practice Guide 2.3, page 20 for more information about coalesced memory access.



Coarser Grain Parallelism

2D Parallelization of Matrix Multiplication In practice, there is not much
int i = blockldx.x * blockDim.x + threadldx.x; difference between these versions.
int j = blockldx.y * blockDim.y + threadldx.y; However, the 1D algorithm is more

Ali, j] = .0; likely to underuse the hardware if the
for (int k = 0; k < N; ++k) { block size is not a multiple of the

Ali, j1+= BI[i, k] * Clk, j]; number of physical threads available.
} 4.E+07

3.E+07

3.E+07

1D Parallelization of Matrix Multiplication

2.E+07

int j = blockldx.x * blockDim.x + threadldx.x; 28407
. . . . 1.E+07
for (inti=0;i<N; ++i){ o
float tmp =.0; 0.E+00 = =
for (int k — o; k < N'- ++k) { 256 512 768 1024
tmp += BJi, k] * C[k, j]; ——CPU -#-GPU-2D —#+GPU-3D
i - Tick CPU GPU-2D GPU-1D
Alfi, j] = tmp; 256 64213 53323 62891
} 512 1065125 145050 204869
768 2041679 390712 427851

1024 30059627 860797 862093



A Bit of History

A lot of research has been done on automatic
parallelization of loops, mostly in the 80's and 90's.

Lamport seems to have been the first to model loops as
iterations spaces to find parallelism for multiprocessors.

Many ideas used in this presentation have been taken
from the PFC parallelizer, from Rice University.
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