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∑n
i=1 i2i−1

7 ��#R�ebB����89 K;:=K6:2G4<>=@?BABGC:D=�<E=BH KgEGF@:EHI= |�K�|J=JKMLJ:EH H�GCHI:2K�H�GCNnE=G�OP=@HQO'G4H EqKSR�H K H�KQNJHTLJRJ? KQUWVQ= KQ?IXQY)QJ:EH vwKL$K;:=KZ:2G�EGHI:2KQ: |J=�H�GC<2H�=Z=@< E=G4:2H�=@<6[\R�G]N^VQ= |�GCL+GCN"|JH K�H |�G
i _

n
∑

i=1

i2i−1 =
n
∑

i=1

i2i2−1 =
n
∑

i=1

i2i

2
=

1

2

n
∑

i=1

i2i

` G4<><=KaOP=@:2H�KbK0Y]L�=@<E<>cTA�GC?9G4N�EGVQ=�KQLJ?IH vwKQ: Ka< GCX@RbHINnE=G�OPF@: HdRJ? KdL�KQ:=KZ:2G4<>=@?BA@egfh?I= _
n
∑

i=1

iai =
nan+2 − an+1(n + 1) + a

(1 − a)2
,

I @jL

vC=�H
a 6= 1

A

i E>HI?THIjwK;N�|J= KdOPF@: HdRJ? K^@QK"E=G�H!=@< _
=

1

2

(

n2n+2 − 2n+1(n + 1) + 2

(1 − 2)2

)

=
1

2
(4n2n − 2(n + 1)2n + 2)

=
4n2n − 2n2n − 2n2 + 2

2

=
2n2n − 2n+1 + 2

2

= n2n − 2n + 1k =@?T=mv)KQN�|J=;fl<2G�= E=G4:2H�=
2n
G)H G4AmH |Je4N�vCH KbK$von�G4XnK�H�=@< KQ=a:2G4<>RJ?CEqK�|J=ap^N$K;? _
∑n

i=1 i2i−1 = 2n(n − 1) + 1

q ��d	�ebB����d�! �sr+(g*_�e#R! �btg89 :>H H�G4HI:=K H�G4N�E2GQKmvC=@NJ<EH |�G4:2G
Sn =

n
∑

i=1

iai.

uwv L$KQN�|JHTN�|J=�GC<E<=Ka<>YC:EH G;K�E=G)H�=@< _
Sn = a + 2a2 + 3a3 + ... + (n − 1)an−1 + nan.

x RJ?CEGHTLJ?IH vwK.fl<2GQK�GCNnEGVQ=JK$vwK |$KZ? K�|J= |$K G4[mR�KQUWVQ=�L�=@:
a _

aSn = a2 + 2a3 + 3a4 + ... + (n − 1)an + nan+1.y{z	|>}�~.�+�����.����|E�4}M��|E�����>�>���M�.�����g�g�
@



k =BH KZ<ER�Q"EG:2KQUWV;=�|�G
Sn

L�=@:
aSn

Kb=BQ"EGY�Hafl<2G _
Sn − aSn =

n
∑

i=1

ai − nan+1.

k =@?T=mv)KQN�|J=
Sn

G�H}G4AmH |beCN�v4H K G�R"EGHT?IHIj)KQN�|J= =!: GC<>Rb? EqK |J= |J=a<>=BH�K EGFQ:>HI= KZ< GCX@RJHT: _
n
∑

i=1

ai = a
an − 1

a − 1

I OBL

E2G)H�=@< _
Sn(1 − a) = a

an − 1

a − 1
− nan+1.

Dh<>=Q? KQN�|b=JK�GCNnEGVQ=JKJ= E=G4:2H�=
Sn

GNKQLJ?TH vwK;N�|J= KQ?TX@R�H�KQ<�=@L+GC:2KQU���GC< K;?IX@Y�QJ:>H vwKQ< von"GCXnK�H�=@<
G�H _

Sn =
nan+2 − an+1(n + 1) + a

(1 − a)2
,

L$K;:=K
a 6= 1

G

Sn =
n
∑

i=1

i =
(1 + n)n

2
,

L$K;:=K
a = 1

A

q ��d	�ebB����d�! �sr+(g*_�e#R! U��W8
� RmEGHI?THIj)K�|$K R�H�K�H�G�EG=�|J=@?T=@X@H K KQN��;?I=@XnK	�a[\R�G�OP=@H :2GwK;?IHIj)K�|$K L�KQ:=K KZLJ:>=�A K H!=Q< EG:2K�|$K

KQNnE2GC:>HT=@:2H�GCNnE2G |$KdOPF@:2HdRb? K^@BA�
 <><>H H K"vC=@NJ<EH |�G4:2G

Sn =
n
∑

i=1

ai.

uwv L$KQN�|JHTN�|J=�GC<E<=Ka<>YC:EH G;K�E=G)H�=@< _
Sn = a + a2 + a3 + ... + an−1 + an.

x RJ?CEGHTLJ?IH vwK.fl<2G v)K�|$Ka? K�|b= |$K GC[\R$KQUCVQ=!L�=@:
a _

aSn = a2 + a3 + a4 + ... + an + an+1.

� GwKQ?THIjwKMfh<2G;K"G4N�EGVQ=�Ka<ER�Q"E>:=KQUCVQ=�|"G
aSn

L�=@:
Sn _

aSn − Sn = an+1 − a.

k =@?T=mv)K.fh< G GCNnEoVQ=
Sn

G�H}G4AmH |beCN�v4H KbK�G�HT<>=@? KQN�|J= G4<><2G�E=G4:2H�=JK"E2G)H�=@< _
Sn(a − 1) = a(an − 1)

Sn = a
an − 1

a − 1
,

L$K;:=K
a 6= 1

A
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∑n

i=1
1
i

7 ��#R�ebB����8
� <>=�H K E>F@:>HT= G)H�[\R�GC< EoVQ= L$=�|�G�<2G4:	G v Lb:2GC<E<>=�L�=@: ∑n

i=m f(i)
K;=@N�|�G

f(i)
YSR"H K6OPRJNJUCVQ=

H�=@NJ=�E>=@NJH vwK�H�GCNnE=GN|�G�vC:2G4<2v�GCNnE=G A � L�=@<><EcTA�GC?sK GCNnEoVQ=bK�<2G4X@RJN�|J=�� @���K ORKQj)G4:�K�KQLJ:E= v H H KQUCVQ=
|J=a<E=BH KgEGF@:EHI=dL�=@:6HINnE2GCX@:2KQHI< _

∫ n+1

m
f(x)dx ≤

n
∑

i=m

f(i) ≤
∫ n

m−1
f(x)dx

I&TBL


}K;LJ:>= v H H�KQUWV;= L+GC? K HINnE=G4X@:=K;?�T OP=@:>N�G�v)G R"H K�GC< E>H H�K EGHBA K : GC< E>:>HCEqK L$K;:=K =
n
fhY4<>H H!=N
	�H�GC:E=!n$K;:2H��@NJH v4=�A i H K�
ERJ< EGHTp�vwK E>HTA KZL$KQ:=K G4<><=K�KQLJ:E= v H H KQUCVQ=aY�H!=@< EG:2K�|$KZN$K��wHIX@Rb:=K

@BA � <E=BH�K EGF@:EHI=aY : GCLJ: GC< GCNnEqK�|b=�vC=BH�= K;< �Q: GwKQ< |J=@< :2G�E��QNJX@Rb?I=@< N$K�pJX@RJ:=K0K�G K!HINnE2GCX@:2KQ?YNK �Q:2G)KZ<>=BQfK vCRJ:+A�KmA

�wHTX@RJ:2KN@ _ 
 Lb:>= v H H�KQUWVQ= |�G ∑n
i=1

1
i

L$=Q:wHINnE2GCX@:2KQHI<�A � A KQ?T=@:	|b= <>=BH�K E>F@:>HT= YS:2GCLb:2GC< GCNnEqK |J=L+GC? K <>=BH�K�|$KQ< �Q:2G)KQ<�|J=@<�:2G�E��QNbX@RJ?I=Q<)A 
 HINnE=G4X@:=K;? Y :2GCLb:2GC< GCNnEqK |$K L+GC? K �;:2GwK <E=BQ K
v4RJ:EA K"A k =BH�L$KQ:=K;N�|J=�KQ< �Q: GwKQ< G�H IRKnL�K E2G)H�=@< _ ∫ n+1

m f(x)dx ≤ ∑n
i=m f(i)

K9G�H�=�ABGCN"|J==@<6: G�E>eCNJX@Rb?I=@<�R�H�KZRJNJH |�K�|�G�L$KQ:2K K G4<>[\R�G4:2|$KbKiE=G�H!=Q< _ ∫ n
m−1 f(x)dx ≥ ∑n

i=m f(i)
A

T



` G4<><=KaOP=@:2H�KbK0NJ=�v)KQ<>= |�G�R�H ?IH H�H E2G HTNbO'GC:EHI=@:4Kb=BQ"E2G)H�=@< _
n
∑

i=1

1

i
≥
∫ n+1

1

dx

x
= ln(n + 1)

` G4:>HTA KQN"|J=JK$KQXQ=@:=KbK�K |"GC<>HTX@R$KQ? |$K�|�G�L�KQ:=K GCN"vC=@NnEG:2KQ:�=!?TH H�H E2G <ERJL�G4:>HT=@:CK"E2G)HZfh< G _
n
∑

i=2

1

i
≤
∫ n

i

dx

x
= ln n,

[\R�G�LJ:>=�|JRJj�=�?IH H!HCE=G _
n
∑

i=1

1

i
≤ ln n + 1

� =@X@=JKb=BQ"E=G�H!=Q<6=@<�<2GCXQRJHINnE=G4<�?IH H�H E2GC<SL$KQ:=KZ=�<>=BH�K E>F@:>HT= _
ln(n + 1) ≤ ∑n

i=1
1
i
≤ ln n + 1

� � �������	��
 � ��� ���! #"$�&%�'
� G 
2K�H

a
K
b
G

c
v4=@NJ< EqKQNnE=G4< NJVQ=aN�GCXnKgEGHTA KQ<�A 9 :>=�ABG][\R�GNK�<E=@?IRJUCVQ=ZL$KQ:2K

{

T (1) = c n = 1
T (n) = aT (n/b) + cn n > 1L$KQ:2K

n
R"H KZL�=�EGe4N�vCH K�|�G

b
Y

T (n) =











O(n),
<2G

a < b,
O(n log n),

<2G
a = b,

O(nlogb a),
<2G

a > b.

7 �+#&�ebB�����W89 K;:=K LJ:E=�A�K;: [\R�G G4<><2K Y K <E=@?IRbUWVQ= |$K G4[mR�KQUWVQ= |"G :2G�vC=@:E:>e4N�vCH KbK;A K�H�=@<	LJ:>H H�G4HI:=K H�G4N�E2G
G v L�KQN�|JHT: GC<><2K!: GC? K;UWVQ= |$Ka<2G4X@RJHTN�E2G�OP=@:2H�K _

T (n) = aT
(

n

b

)

+ cn

aT
(

n

b

)

= a2T
(

n

b2

)

+ ac
(

n

b

)

a2T
(

n

b2

)

= a3T
(

n

b3

)

+ a2c
(

n

b2

)

a3T
(

n

b3

)

= a4T
(

n

b4

)

+ a3c
(

n

b3

)

k =@NJ<EH |�G4:=KQN"|J=
n = bm

I =QR!< G 
2KbK
n
Y R�H�K]L�=�E>eCN�v4H K�|�G

b
LgKmG v L�KQN�|�Ggfh<2G K�OPFQ:2HdRJ? K�K EGY

K 	J?CEGH H�K HCE=GC:2KQUWV;= KQLJ:2G4<2G4N�E=K�|$K�Ka< GCX@RbHI: _
am−1T

(

n

bm−1

)

= amT
(

n

bm

)

+ am−1c
(

n

bm−1

)

�
	W����~.�+���S�;����|E��}.��|E����� ���\�{�
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 |JH vCHI=QN$KQN�|J=Z=Q< E2GC: H!=@<6? K�|J=�KZ? K�|b=JKb=BQmE=G)H�=@< _
T (n) = amT

(

n

bm

)

+ c
m−1
∑

i=0

ai n

bi

� R�Qb< EGHCEGRJHTN�|J=;fl<2G�N$K GC[\R$K;UWVQ=
n
L$=@:

bm
K"E=G�H!=Q< _

T (n) = amT (1) + c
m−1
∑

i=0

aibm−i

T (n) = amc + c
m−1
∑

i=0

aibm−i

� L$=Q<><>cBABG4?0L+GC: v)G)Q+GC:4KnGCNnEoV;=JKQ[\R�G�= E=G4:2H�=
amc

: GCLJ: GC<2G4NnEqK G v E=K�H�G4NnE=G�=�	J? E>H H�= E2GC: H!=
|J= <>=�H K E>F@:>HT=JK vwKQ<E= <2G4R cIN"|JH v�G <ERJL+GC:>HT=@:ZOP=@<>< G

m
K G�H ABG4j�|�G

m − 1
A �iKQj)G4N�|J=;fl<2GfK

H�KQNJHTLJRJ? K;UWVQ=�|�GC<E<2G]cIN�|JH v)G L�KQ:=KZHIN"vC?IRbHI: =�E2GC: H!=aHIN"|�GCL+GCN�|"GCNnE=G�NJ=a<>=�H K E>F@:>HT=JK�von�GCXnKMfh<2G
G�H _

T (n) = c
m
∑

i=0

aibm−i

�iKQj)G4N�|J=;fl<2GfH KQNbHILJRJ? KQU���GC<�KQ?TX@Y)Qb:>H v)KQ<�NJ= <E=BH KgEGF@:EHI= L$KQ:=KZvon�GCXBKQ:^K R"H K OPF@:2HdRb? K
H�KQHI< <>H H�LJ?THTp$v)K�|$KbK�E=G�H!=@< _

T (n) = c
m
∑

i=0

am−ibi

T (n) = c
m
∑

i=0

ama−ibi

T (n) = cam
m
∑

i=0

(

b

a

)i

u <><2K YfG4NnEoVQ= R�H K <>H H!Lb? GC<Z<EYC:EH G XBGC=BH�Y�E>:>H vwKovC=BH Q�KQ<2G HIX@R$K;? K b

a

K�[\R�G L�=�|�G�<2GC:: GC<>=Q?TAmH |$K�v4=@NJ<EH |�G4:=KQN�|b=!=@< E>:>eC< v)KQ<>=@< G�H [\R�G b

a
< 1

K b

a
> 1

=@R b

a
= 1

A

• a < b
� GC<E<2G vwKQ<E=JK�K :=K;jWVQ= b

a

[\R�Ga: GCLJ: GC<2G4NnEqK�K�Q�KQ<2G |$K <EYC:>H GdXBG4=BH!Y�EG:EH vwK Y H�KQHT=@: [\R�G
1
A�
 LJ?TH v)KQN�|J=;fl<2G�KdOPF@: HdRJ? KdL�KQ:=K Ka<>YC:EH G�XBG4=BH!Y�EG:EH vwK ∑n

k=0 xk = xn+1−1
x−1

I'Q$KQ< GwK�|J=
G�H � @���L K�E2G)H�=@< _

T (n) = am

(

b
a

)m+1 − 1
b

a
− 1

k =�H!= G4< EqK H!=@<�HTN�E2GC: GC<><2K�|J=@< NJ= vC=�H!L�=@: E=K�H�GCNnEG= KQ<E<>HTN�E>F�EGH vC= |$KdOPRJNJUCVQ=JK�E2G)H�=@< _

T (n) = O

(

am

(

b

a

)m)

= O(bm)

� =@XQ=JK

�



T (n) = O(n)

• a = b
� GC<E<2G v)KQ<>=bKpK�:=KQjCVQ= b

a

[mR"G&:2G4LJ:2G4<2G4N�E=K7K�Q$KQ<2G�|$K�<>Y4:>H GaXBG4=BH�Y�EG:EH v)K�Y�HIXQR$KQ? K
1
K

G4NnEoVQ= E=G�H!=Q< _

T (n) = cam +
m
∑

i=0

1

T (n) = cam + m

k =�H!= G4< EqK H!=@<�HTN�E2GC: GC<><2K�|J=@< NJ= vC=�H!L�=@: E=K�H�GCNnEG= KQ<E<>HTN�E>F�EGH vC= |$KdOPRJNJUCVQ=JK�E2G)H�=@< _
T (n) = O(amm)

k =�H!=
a = b

KpE=G�H!=@<][\R�G
am = bm = n

G
m = logb n

A ` GC<E<=K OP=@: H K0KeE2G)H�=@< =
v4=BH�L$=@: EqK�H�GCNnE>= KQ<><EHINnEGF EGH v4= |$KaOPRbNJUWVQ= |$K |J=aL$=@: _

T (n) = O(n log n)

• a > b
� GC<E<2G�v)KQ<>=JKaK!:=K;jWVQ= b

a

[\R�GZ:2G4LJ:2G4<2G4N�E=K�K Q$KQ< G�|$K&<EYC:EH G X�GC=BH�Y�E>:>H v)K!Y�H�G4NJ=@: [\R�G
1
KmG4NnEoVQ= K <>YC:EH G vC=@N ABG4:>XBG L$KQ:=K R�H KNvC=@Nb< EqK;N�E2GQK�H�GC< H!= [\R�G

m
E=G4N�|$K�K;= HIN0p^NJH E>=�A` GC<><2K�OP=@: H K0KmE=G�H!=Q<6[mR"G

T (n) = O(am)

k =�H!=
m = logb n

KaE=G�Hafl<2G [\R�G
am = alogb n = nlogb a

I < GCX@RbN�|J=�KQ<�LJ:E=@LJ:>H G)|$K |�GC<
|b=�?T=@XnKQ:Ec E2H!=�L/A ` GC<><2K�OP=@: H K0KmE=G�H!=Q< _

T (n) = O(nlogb a)

� � �������	��
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��	����
�
 � �
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T (n) = 2T (n/4) + n
K L�KQ:=K

n > 1
T (1) = 27

7 ��#R�ebB����89 :>H H�G4HI:=K H�G4N�E2GQKmG v L$KQN�|"G�fh< G K G4[mR�KQUWVQ=�|$Ka<2G4X@RJHINnE2G�OP=Q:2H�K _
T (n) = 2T

(

n

22

)

+ n

s



2T
(

n

22

)

= 22T
(

n

24

)

+
n

2

22T
(

n

24

)

= 23T
(

n

26

)

+
n

22

23T
(

n

26

)

= 24T
(

n

28

)

+
n

23k =@NJ<EH |�G4:=KQN"|J=
n = 22k

K+G v L$KQN�|"G�fh< G K GC[\R$K;UWVQ=�K E>Y�K�	J? E>H H�K�HCE=GC:2KQUWV;=JKiH!=@< EG:2K�|$K K
< GCX@RJHT: _

2k−1T
(

n

22(k−1)

)

= 2kT
(

n

22k

)

+
n

2k−1


 |JH vCHI=QN$KQN�|J=.fh<2G�? K�|J= KZ? K |J=JK"E2G)H�=@< _
T (n) = 2kT

(

n

22k

)

+ n
k−1
∑

i=0

(

1

2

)i

i E>HI?THIjwK;N�|J=JK KQX@=@:2KbK9K OPF@:2H RJ? K ∑n
i=0 ai = an+1−1

a−1

IRQ$KQ< GwK�|b=fG�H � @���L L$K;:=K :2G4<>=@?BABG4:]=
<E=BH KgEGF@:EHI=�G4N�vC=@NnE>:=K�|J=bK�E=G)H�=@< _

T (n) = 2k27 + n

(

(1
2
)k − 1

1
2
− 1

)

k =BH�=
n = 22k ⇒ log n = log 22k ⇒ log n = 2k ⇒ k = log n

2

KDL$=�|�G�fl<2Ga<>R"QJ< E>H EGRbHI:
G4<><2G4< E2GC: H!=@<6N�K�G4[mR�KQUWVQ=�GCN"vC=@NnEG:2K�|$KbK^=�Q"E=G4N�|J= _

T (n) = 2
log n

2 27 + n





(1
2
)

log n

2 − 1

−1
2





T (n) =
√

2log n27 + n





( 1√
2log n

− 1

−1
2





T (n) = 27
√

n − 2n

(

1√
n
− 1

)

T (n) = 27
√

n − 2n√
n

+ 2n

T (n) = 25
√

n + 2n
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{

T (n) = 7T (n/2) + n2 K L$KQ:=K n > 1
T (1) = 0

7 ��#R�ebB����89 :>H H�G4HI:=K H�G4N�E2GQKmG v L$KQN�|"G�fh< G K G4[mR�KQUWVQ=�|$Ka<2G4X@RJHINnE2G�OP=Q:2H�K _
T (n) = 7T

(

n

2

)

+ n2

t



7T
(

n

2

)

= 72T
(

n

22

)

+ 7
(

n

2

)2

72T
(

n

22

)

= 73T
(

n

23

)

+ 72
(

n

22

)2

73T
(

n

23

)

= 74T
(

n

24

)

+ 73
(

n

23

)2

k =@NJ<EH |�G4:=KQN"|J=
n = 2k

K�G v L$KQN�|"G�fh< G K�G4[mR�KQUWVQ=fK E>Y�K 	J?CEGH H K&HCE=G4:=KQUCVQ=JK9H�=@< E>:=K�|$K�K< GCX@RJHT: _
7k−1T

(

n

2k−1

)

= 7kT
(

n

2k

)

+ 7k−1

(

n2

22(k−1)

)


 |JH vCHI=QN$KQN�|J=.fh<2G�? K�|J= KZ? K |J=JK"E2G)H�=@< _
T (n) = 7k0 + n2

k−1
∑

i=0

7i

22i

T (n) = n2
k−1
∑

i=0

(

7

4

)i

i E>HI?THIjwK;N�|J=JK KQX@=@:2KbK9K OPF@:2H RJ? K ∑n
i=0 ai = an+1−1

a−1
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T (n) = n2







(

7
4

)k − 1
7
4
− 1







T (n) = n2





7k

4k − 1
3
4





k =BH�=
n = 2k ⇒ log n = k

KML$=�|�Ggfh<2G <ER�QJ< EGH E>RJHI: GC<>< GC<�E=G4:2H�=@<�N$K GC[\R$K;UWVQ= GCN"vC=@NnEG:2K�|$KbK=BQmE=GCN"|J= _
T (n) =

4

3
n2

(

7log n

4log n
− 1

)

T (n) =
4

3
n2

(

7log n

22 log n
− 1

)

T (n) =
4

3
n2

(

7log n

2log n2 − 1

)

T (n) =
4

3
n2

(

7log n

n2
− 1

)

T (n) =
4

3
7log n − 4

3
n2

�iKQj)G4N�|J=;fl<2GNK HdR�|$K;NJUwK |�G�Q$KQ< GQK^R"E>HI?IHTjwKQN"|J= KQ<�LJ:E=@LJ:>H G)|$K |�GC< |J=a?I=QXnKQ:>cCE=H�= _
log2 n = log7 n log2 7 ⇒ log2 = log7 nlog2 7

� =@X@=JK
�



T (n) =
4

3
7log7 nlog2 7 − 4

3
n2

T (n) = 4
3
nlog 7 − 4

3
n2
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T (n) = T (
√

n) + log n
K L$K;:=K

n ≥ 1
T (1) = 1` H v)K _ RJ<2G�HdR"|$KQNJU)K�|�G�A KQ:EH �WABG4HI<)A
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m = log m ⇒ n = 2m

` G4<><=KaOP=@:2H�KbK0=BQ"E=G�H!=Q< _
T (2m) = T (2

m

2 ) + muwv L$KQN�|JHTN�|J=;fl<2G�GC<E<=K�GC[\R$KQUCVQ=�|"G]: G)v4=@:>:EeCN�v4H KbK"E2G)H�=@< _
T (2

m

2 ) = T (2
m

22 ) +
m

2

T (2
m

22 ) = T (2
m

23 ) +
m

22

T (2
m

23 ) = T (2
m

24 ) +
m

23

AAA

T (2
m

2k−1 ) = T (2
m

2k ) +
m

2k−19 K;:=K [\R�G
T (2

m

2k ) = T (1)
K E=G�H!=@<Z[\R�G

2
m

2k = 1
A 
 <E<>H H K vC=QNJ<>H |�GC:2K�H!=Q<

k → ∞ K
E2G)H�=@<�[\R�G�= G v L$=�GCNnE2G�|$KZL�=�EGe4N�vCH K E=G4N�|�GNKZj)GC:E=JKbORKQj�GCN�|b=�v4=BH [\R�G�=a:2G4<>RJ?CEqK�|J= E2GCN�|$K
K

1
K"vC=BH�= |�GC< 
2K�|J=�A 
 <E<>H H K"E2G)H�=@< _

T (2m) = T (1) + m
∞
∑

i=0

(

1

2

)i

i E>HI?THIjwK;N�|J=JKiKQXQ=@:=KbK+K&< GCX@RbHINnE=G]OPF@:2HdRb? K ∑∞
i=0 xi = 1

1−x

K L$K;:=K |x| < 1
KpIRQ$KQ< GwK�|b=^G)H

� @�� L L$KQ:=KZ: GC<>=Q?TABG4:�=!<E=BH KgEGF@:EHI=�G4N�vC=@NnE>:=K�|J=bK�E=G)H�=@< _
T (2m) = 1 + m

(

1

1 − 1
2

)

T (2m) = 1 + 2m

T (n) = 1 + 2 log n

y
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T (n) = T (n/9) + T (8n/9) + n
K L$KQ:=K

n ≥ 1

` H v)K _ i < G R"H K �Q:+A@=@: G�|�G�:2G)v4RJ:><EHTAmH |�K�|�G�L$KQ:2K G4N v GC:EXnKQ: Ka<E=@?IRbUWVQ=�A
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�Q:+A@=@: G |�G�:2G�vCRJ:E<GVQ=NKQLJ: GC< GCNnEqK.fl<2G vC=BH�=�R�H�K Q$=BK E>Y)v4NJH v)K�L�KQ:=K�<>=Q?IR�v4HI=@N$K;:pGC<E<=K�GC[\R$KQUCVQ=�A

 <><>H H K�G�H R�H�K �Q:+A@=@: G |�G*:2G)v4RJ:><>VQ=JKjvwK |$K6NJF�:2GCLb:2GC< GCNnEqK�= vCRb< EG= |�G R�H 	JNJH vC=6<>R"QJLJ:>=�QJ? G�H K
G�H5KQ?TX@R�H ?IRbXnKQ: Nb=ovC=@N 
ERbN�E>=o|�G HIN AQ=mv)KQU���GC< |�G!OPRJNJU���GC<Z: G)v4RJ:><EHTA KQ<)A � =�H KQN"|J=;fh< G =@<
v4RJ< E>=@< |�G4NnEG:>=f|�G�vwK�|$K NJcTA�GC? |$K �Q:EAQ=@:2G;Kw=BQ"E>Y)HZfh< G!R�H v4=@N 
ERJNnE>=7|�G�vCRJ< EG=@< L$=@:�NJcBABG4?sK
G�GCNnEoVQ=&<>=BH�KQN�|J=�EG=�|J=@< =@< v4RJ< E>=@< L�=@: NbcTABG4?p|�G�E=G4:2H�HIN$K�H�=@<�=^v4RJ< E>= EG=�E=KQ?e|�G�E>=m|J=Q< =@<NJcBABG4HI< |$Ka:2G�vCRJ:E<GVQ=�A


 �Q:+A@=@: G |�Gd: GCRJ:E<GVQ=�L$KQ:2K�K GC[\R$K;UWVQ=
T (n) = T (n/9) + T (8n/9) + n

Y H�=@< E>:=K�|$KN$K �wHTX@RJ:2K O _
n

n
9

8n
9

n
9

8n
9

8 n
9

n
92 2 2 2

2

T(1) T(1) T(1) T(1) T(1) T(1)  T(1)  ...T(1)

n

n

n

n

log   n
9/8

Total: O(n log n)

�wHTX@RJ:=K O _�� :EAQ=@:2G�|�G�:2G�vCRJ:E<GVQ=�L$KQ:2K K�: G)vC=Q:>:>e4N�vCH K T (n) = T (n/9) + T (8n/9) + n

9 G4:2v�G)Q+G�fh< G [mR"GQK [mR�KQN�|J= <E=BH K H!=@<!=@<&A KQ?T=@:2G4< G)H EG=�|J=@<&=@< NJcBABGCHT<^|$K �;:EA@=Q:2G7|�G: G)vCRb:><GV;=JK =BQmE=G)H�=@< R�H A KQ?T=@:
n
L$KQ:2K�vwK |$K NJcTA�GC?&A k =BH�=�K �Q:+A@=@: G Y�|"GC<2Q�KQ? KQN"v)GwK |$KbK

 �[\R�G =@<S<ER�QJLJ:E=BQJ? G)H�KQ<SNJVQ= L�=@<><ER�G)HME=K�H K;NJnJ=@<�HIX@R�KQHI<4KBE=G)H�=@<�[\R�G G4N�vC=@NnE>:=KQ:S=�v)K�H!HTNJnJ=

H�KQHI< ?I=@NJXQ=�|�K�:2KQHIjNK E>Y]R"H KdOP=@?Tn$K |$K �;:EA@=Q:2G]L$KQ:=K |�G�E=GC: H!HTN$KQ:6<ER$K KQ?CEGRJ:2K"A 9 G4:2v)G�Q�Ggfh< G
[\R�G�= vwK�H�HINJnb= H�KQHT<D?I=@NJXQ=6Y�|$K |J=�[mR�KQN�|J= L�G4:2vC=Q:>:2Ggfh< G

n →
(

8
9

)

n →
(

8
9

)2
n → ... → 1

A
k =BH�= (8

9

)k
n = 1

K [\R$K;N�|J=
k = log 9

8
n
K E=G�H!=Q< [\R�G KVKQ? E>RJ:=K�|$K �Q:+A@=@: G Y

log 9
8
n
A

DhNnEGRbH EGHBA K�H�G4NnE=GQKjG4<>L+GC:=K H!=@<�[\R�G�K6<>=@?TRJUWVQ= L$KQ:2K K : G)vC=Q:>:>e4N�vCH K < G 
2K�NJ= H � v H H!=�= N
	�H�GC:>=
|�G�NJcBABG4HI< |$K �Q:EAQ=@:2G�A�GCj)G4< =�vCRb< EG=�|�G�vwK |$KZNJcTA�GC?sK^=QR < G 
2K _

T (n) = O(n log 9
8
n)

T (n) = O(n log n)

u NnEG:2G�EqKQNnE>=JK Y�KQHTN�|$K N�G�v)GC<E< �Q:EHI=fvC=@NJ<EH |�G4:=KQ:�=�vCRb< EG=�|$KQ<�OP=@?Tn$KQ<)A � G�K �Q:+A@=@: GaOP=Q<><2G
R�H�K �Q:EAQ=@:2G�QJHTN��Q:>H K7vC=BH�LJ? G�EqKo|�GfKQ?CEGRJ:2K

log 9
8
n
K n$KWABGC:EH K

2
log 9

8
n

= n
log 9

8
2 A k =BH�= =

@�~



v4RJ< E>= |�G vwK |$K OP=@?In�K Y v4=@NJ< E=KQNnE=G;KJ=�vCRb< EG= E>=�EqKQ?+|�G E>=m|�KQ< KQ<SOP=@?In$K;< <2G4:>H K
θ(n

log 9
8

2
)
Kb[\R�GY

ω(n log n)
A 9 =Q: =@RmEG:>= ? K�|b=JK�GC<>< G^v �;? vCRb?I=�Y!O'G4H EG=�vC=QNJ<>H |�GC:2KQN�|J= [mR"G GC<E<=K OP=Q<><2G!R�H�K

�Q:+A@=@: GfQbHIN��Q:EH KovC=�H!LJ? G�E=KbKS= [\R�G N^V;= Y�ABG4:2|$K�|"G�
 � [\R�G�K H�G)|JH |$K [\R�G�|�G4<2v�G)H�=@<&N$K
�Q:+A@=@: G K�L$KQ: EGHI: |�K!:=K;HIjQK$H�KQHT< GNH�KQHI<6NJFQ< HTN�E2GC:ENJ=@< GC< EGVQ=�KQRb<2GCNnE2GC<)A 
 <><>H H K N�G�H}EG=�|J=@<=@<6NbcTABG4HI< vC=QN�E>:>H QJR�G)H vC=BH R"H}vCRJ< EG=�G v K E=K�H�G4NnE=G�HIX@R�KQ?aK

n
A


 <E<>H H K	L$=�|�G�H!=@<]RJ<2KQ: =fH!Y�EG=�|J=�|�G&<ER�QJ< E>H E>RJHIUCVQ= L�KQ:=K�ABGC:EHTp$v)KQ: [\R�G
O(n logn)

YR�H ?TH H�H E=G <>RJL+GC:EHI=@: L$KQ:2K K!<E=@?IRbUWVQ=�|$K!: G)vC=Q:>:>e4N�vCH K"A x =@< E>:=K�H�=@< [\R�G
T (n) ≤ dn log n

K=@N"|�G
d
Y�R�H�K�vC=@Nb< EqK;N�E2G L�=@<EH EGHBA K KQLJ:>=QLJ:>H K�|$K"A 
 <><EH H K"E=G�H!=@< _

T (n) ≤ T
(

n

9

)

+ T
(

8n

9

)

+ n

T (n) ≤ d
(

n

9

)

log
(

n

9

)

+ d
(

8n

9

)

log
(

8n

9

)

+ n

T (n) ≤
(

d
(

n

9

)

log n − d
(

n

9

)

log 9
)

+
(

d
(

8n

9

)

log n − d
(

8n

9

)

log
9

8

)

+ n

T (n) ≤ dn log n − d
((

n

9

)

log 9 +
(

8n

9

)

log
9

8

)

+ n

T (n) ≤ dn log n − d
((

n

9

)

log 9 +
(

8n

9

)

log 9 − 8n

9
log 9

)

+ n

T (n) ≤ dn log n − dn
(

log 9 − 9

8

)

+ n

T (n) ≤ dn log n
|�G4<2|�G][\R�G

d ≥ 1/(log 9 − 9
8
)
A
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 LJ:2G4<2GCNnE2G = ?IH H!HCE=G HTNbO'GC:EHI=@:aL$KQ:2K HTN�E2GC: vwKQ? KQ: |J=@HI<�vC=@N 
ERJNnEG=@<�|�G�HINnE2GCHI:E=@<

A(1 : m)
G

B(1 : n)
=@N�|�G =Q<�H E2GCNJ< G�H

A
G =@<�HCE=GCNb< G)H

B
G4< EoV;=Z=@:2|�G4N$K�|J=Q<)A 
 <E<>R�H�Kd[\R�G EG=�|J=@< =@<N
	�H�GC:E=@<

m + n
<GVQ= |JHT< EGHTNnEG=@<�A
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