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Abstract

In computations involving attention mechanisms, tempo-
ral dependencies, and truncated backpropagation, tensor
slices may contain nonzero elements only within a bounded
distance from the main diagonal. Operations on such ten-
sors admit efficient implementations via specialized kernels;
however, no static analysis currently infers these bands. This
paper introduces Bandedness Propagation Analysis (BPA) to
address this limitation. BPA decomposes multidimensional
tensors into collections of 2D banded projections, each ab-
stracting the non-null bands along two dimensions of the
original tensor. We define an abstract domain and multidi-
rectional transfer functions that propagate band information
across tensor operations, including contractions, transposi-
tions, and element-wise operators, over arbitrary semirings.
We implement BPA in MLIR and establish its soundness.
Our evaluation shows that the analysis runs in a fraction
of the time required to compile or execute a computational
graph. Furthermore, depending on the benchmark and the
level of sparsity, BPA enables the generation of kernels with
asymptotically better memory usage and execution time.

CCS Concepts: « Software and its engineering — Com-
pilers.

Keywords: Tensor compiler, static analysis, banded matrix

1 Introduction

A matrix A is banded if A[i, j] = 0 whenever |i — j| > k
for some small band radius k [12]. When such banded prop-
erties appear as slices of higher-dimensional tensors, they
capture localized interactions between nearby indices rather
than strictly independent ones. Bandedness is relevant in
computational graphs: in neural networks, and especially in
transformer models, banded substructures naturally arise in
mechanisms like local attention (where each token attends
only to a neighborhood) [13, 16, 17, 30], convolutional layers
(which can be seen as banded Toeplitz operators [5]), and
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sparse connectivity patterns designed to reduce complex-
ity [11] (See Sec. 2 for more examples). Exploiting banded-
ness allows compilers and runtime systems to reduce both
memory footprint and computational cost asymptotically.

There are compiler optimizations designed for computa-
tions involving sparse matrices [4, 9, 14, 16, 19, 20, 25, 26, 35,
39,41, 42]. And there exist static analyses that propagate spar-
sity information through computational graphs [2, 38, 45].
However, they are oblivious to the structure of non-diagonal
sparsity. The work of Zheng et al. [45] propagates sparsity at
the level of individual tensor elements, which is asymptoti-
cally equivalent to executing the computational graph with a
value profiler. The analysis proposed by Ananias et al. [2] is
asymptotically cheaper; however, it associates sparsity with
tensor slices. In their formulation, a tensor slice is a subset of
elements in which all indices but one are fixed. In the 2D case,
these slices correspond to the rows and columns of a matrix.
Ironically, as Section 5 explains, this analysis misses diagonal
information: a single nonzero diagonal element taints every
slice. In this paper, we propose a new analysis that succeeds
where Ananias et al.’s fails, while being asymptotically more
efficient than Zheng et al.’s.

Contributions of this Work. This paper introduces a
Bandedness Propagation Analysis to infer banded-diagonal
invariants across the operations of a computational graph.
The analysis decomposes each tensor into a set of 2D Pro-
jections (Definition 2.10 on Page 3) and associates each 2D
substructure with an interval of non-null bands projected
along those dimensions. Figure 1 illustrates this idea.

As Figure 1 shows, each banded matrix overapproximates
the non-null bands of a tensor along two dimensions. Sec-
tion 3 defines an abstract domain to represent these non-null
bands and introduces sound transfer functions that propa-
gate this information throughout the computational graph.
Given a generic tensor operation of the form A = f(B, C),
information flows in two directions: forward, when the band
information of B and C refines that of A; and backward, when
the information of A refines that of B and/or C. The paper
defines these transfer functions for common tensor opera-
tions, including einsum contractions (which subsume matrix
multiplication [35]), transpositions, additions, and clamping.
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The semantics of the analysis:
a(A;) = (0, 2) means that
every element ¢;;, [i - j| <2 and
|j - i| < 0 on the ij projection of
the tensor can be treated as
zero in any evaluation.

a4,)=(0,2)

Figure 1. A decomposition of a 3D tensor into three 2D
projections with the respective abstract states. The abstract
information « associated with an n-dimensional tensor A
is a table with n X (n — 1)/2 entries. Each entry is a pair
(lij, uij) over-approximating the lower extent of A;; (the
largest number of subdiagonals that may contain relevant
values) and the upper extent of A;; (the largest number of
superdiagonals that may contain relevant values).

As discussed in Section 2.1, these operations can be defined
over arbitrary semirings, including the standard semiring of
floating-point numbers with addition and multiplication.

Summary of Results. We implemented BPA in MLIR [27],
defining transfer functions for operations in the linalg di-
alect, including multiplication, addition, transposition, and
batch matrix multiplication. Section 4.1 shows that BPA is
asymptotically faster than previous sparsity inference analy-
ses, such as those proposed by Ghorbani et al. [15] and Zheng
et al. [45], although it computes less detailed information.
Section 4.2 presents examples in which BPA-enabled opti-
mizations reduce the memory consumption of computational
graphs, such as sparse attention, by up to 50%. Section 4.3
provides evidence that kernels generated with the support
of BPA can be asymptotically faster, for example, by reduc-
ing matrix multiplications to vector products. Section 4.4
shows that BPA incurs only a small compilation overhead,
and that its running time remains constant regardless of the
size of the input tensors. Finally, Section 4.5 demonstrates
empirically that backward propagation of abstract states can
improve the precision of forward propagation by up to 33%
when analyzing masked attention kernels.

2 Preliminary Definitions

Already in 1990, Saad observed that “The matrices that arise
in many applications often consist of a few diagonals” [36].
The occurrence of such data structures has since been studied
extensively [12]. Examples include:

Linear Correlations: The more linearly correlated two
variables are, the more likely their representation in
correlation space is to be concentrated around the
main diagonal. For a visual example, see Figure 59.1
of Bird’s book [7, Ch. 59].

Attention Mechanisms: Attention scores frequently
form lower-triangular or banded matrices due to causal
masking or sliding-window restrictions [10, Fig. 1].

Temporal Dependencies: Sequence models and recur-
rent computations induce triangular or banded struc-
tures because dependencies are constrained by causal
ordering or finite temporal histories [40].

Convolutions: Temporal and spatial convolutions in-
duce banded Toeplitz-like structures when represented
as matrices, since each output depends only on a local
neighborhood of inputs [3, 6, 23, 37].

Truncated Backpropagation: Backpropagation over
time induces triangular dependency structures across
time steps, which become banded when gradients are
truncated to finite temporal windows [32, 44].

In fact, as Example 2.1 illustrates, banded matrices such as
those considered in this paper are recurring motivating ex-
amples in academic work on sparse tensor computations.

Example 2.1. Several recent code-generation techniques for
sparse tensors use banded matrices as motivating examples.
Instances include Figure 7(a) in Henry et al. [19]’s work;
Figure 1(a) in Hsu et al. [20]’s; Figures 2 and 3 in Li et al.
[30]’s; Figure 1(d) in Huang et al. [21]’s; Figure 1 in Ahrens
et al. [1]’s; Figure 2 in Gupta et al. [16]’s; and Figure 1 in
Ghorbani et al. [14]’s. The analysis proposed in this paper is
able to represent all of these structures.

2.1 Annihilating and Irrelevant Entries

Bandedness analysis approximates the set of values that can
be treated as zeros without changing the final value com-
puted by a computational graph. The analysis proceeds in
two passes: a forward pass, which interprets the graph’s op-
erations abstractly from inputs to outputs, and a backward
pass, which propagates information in the reverse direction.
The forward pass propagates annihilating elements, whereas
the backward pass identifies irrelevant elements.

2.1.1 Annihilating Elements. A semiring is an algebraic
structure (S, ®, ®,0,1) consisting of a set S equipped with
two binary operations: addition (®) and multiplication (®),
such that (S, &, 0) is a commutative monoid, (S,®,1) is a
monoid, multiplication distributes over addition, 0 is the
identity element of @ and the annihilating element of ®, e.g.:

Definition 2.2 (Annihilating Element). An elementz € §
is an annihilating element for ® if, for all a € S, we have
aQ®Rz=zQ@a=z

Example 2.3. Many tensor operations have an annihilat-
ing element. In matrix multiplication and in the Hadamard
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product, 0 is an annihilating element, as any multiplication
involving 0 yields 0. This notion extends beyond standard
floating-point arithmetic to other semirings. For example,
in a semiring where @ is logical OR and ® is logical AND,
the value true is an annihilating element for & and the value
false is an annihilating element for ®, because trueVx = true
and false A x = false. Similarly, in a semiring where ® is de-
fined as the min operator over non-negative values, 0 is an
annihilating element because min(0, x) = 0 for all x > 0.

2.1.2 Irrelevant Elements. In many tensor programs, not
all tensor elements contribute semantically to a computation.
Some elements are guaranteed to be masked by subsequent
operations, typically through an operation with an annihi-
lating element. Such entries cannot influence the outcome
of the computation. Definition 2.4 formalizes this notion.

Definition 2.4 (Irrelevant Entries). Let e be an expression
in a computational graph. A value is irrelevant to e if it may
take any concrete value without affecting the observable
result of e.

Example 2.5. The Hadamard product of two tensors A and
B of the same shape, denoted C = A © B, is defined element-
wise as C;j = A;j - Bi;. If A is upper triangular, then all
entries below the main diagonal are zero, i.e., A[i,j] = 0
for i > j. Consequently, the corresponding entries of C are
zero regardless of the values in B. Therefore, the values of B
below the diagonal are irrelevant to the computation.

The bandedness propagation analysis introduced in this
paper approximates the set of annihilable tensor elements.
These elements can be treated as zeros (more generally, as
annihilating elements) in any evaluation of the graph.

Definition 2.6 (Annihilable Elements). An entry of a tensor
is annihilable if it can be replaced by an annihilating element
without affecting the observable result of the computation.

As shown in Theorem 2.7, the analysis soundly approxi-
mates the set of annihilable elements. Soundness holds be-
cause every element identified as annihilating must be so,
and every element identified as irrelevant may be treated
as annihilating without influencing results. Henceforth, ele-
ments that are marked as zero at the bootstrapping of the
analysis and elements that are deemed to be annihilating or
irrelevant are represented as * in examples and definitions.

Theorem 2.7. Bandedness Propagation Analysis is sound.

Proof: Available in the supplementary material. O

2.2 Banded Matrices

A banded matrix has its nonzero entries confined to a diag-
onal band around the main diagonal, as per Definition 2.8.
Entries sufficiently far from the diagonal contain zero. Def-
inition 2.8 modifies this traditional definition to consider
annihilable values, as per Definition 2.6, rather than zeros.

Definition 2.8 (Banded Matrix). Let A = (a;;) € R™", and
let p, ¢ € N. Matrix A is a (p, q)-banded matrix if:

ajj =% whenever i—j>p or j—i>q.

The integers p and q from Definition 2.8 are called the
lower and upper extents of A, respectively. As Example 2.9
lists, several well-known matrix classes arise as special cases:

Example 2.9. Only entries within the band may influence
the computation; entries outside being irrelevant; hence:
Diagonal matrices: p = q = 0.

Tridiagonal matrices: p = q = 1.

Upper triangular matrices: p = 0.

Lower triangular matrices: q = 0.

k-diagonal matrices: p + q + 1 = k, i.e., exactly k diag-
onals may be nonzero.

In an m X n matrix, the maximal possible extents are m — 1
and n — 1. We denote the maximum extents for any given
dimension by .

2.3 Projections

A static analysis computes an abstract environment, i.e., a
function a : & — D, where & is a set of program entities
and D is an abstract domain (to be introduced in Section 2.4).
In the static analysis proposed in this paper, the program
entities are 2D-projections of tensors, as defined below.

Definition 2.10 (2D-Projection). Let A € R%* "X be an
n-dimensional tensor, and let i, j € {1,...,n} with i # j. The
ij-projection A;; is the matrix in B4*4 defined as:

Ajj(xi, xj) = \/ (A(x1,...,xp) £ %)
xk€[0,dx)
ke{i,j}

where B = {false, true} and V denotes logical disjunction.

Example 2.11. Figure 2 shows an example of 2D projec-
tion over two particular dimensions of a 3D tensor. 2D pro-
jections are defined over tensors of n > 2 dimensions. An
n-dimensional tensor has n X (n — 1)/2 projections.

A concrete three-dimensional tensor 4: The ij-projection Aij:

Figure 2. The A;; projection of a 3D tensor A.
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2.4 Abstract Domain

Bandedness analysis maps 2D-projections to pairs (p, g) that
represent the bands defined in Section 2.2, e.g.:

o p € N denotes the lower extent of a matrix t. If a(t) =
(p,_), then t[i, j] = foralli > j+ p.
e g € N denotes the upper extent of a matrix ¢. If a(t) =
(L,q), thent[i,j] =xforall j >i+gq.
Each abstract value (p, q) denotes the set of all matrices sat-
isfying the corresponding extent and symmetry constraints,
as Example 2.12 shows.

Example 2.12. Continuing with Example 2.11, Figure 3
shows the abstract representation of the bands along the
ij projection of the three-dimesional tensor A in Figure 2.
The abstract representation of the projection A;; is the pair
(1,2). The bandedness propagation analysis associated with
A involves three such pairs, one for each possible projection.

Projection 4,: Abstract State Ali, j] = *,
associated with 0 1 2 8 4 x|
bl i projection A4,: 0 O > |*|*
1 * | %
oefe () = (2, 1) 2| |o|ofe]x
[ J 3 [ ]
[ ] [ ] Ali,j]1=%,i-j>2 4| x|*x|@ )

Figure 3. The abstract state that represents the projection
Aj;; seen in Figure 2.

2.5 Bandedness Analysis in One Example

The proposed bandedness analysis maps each sub-matrix of
a tensor to an over-approximation of the band of relevant
elements along the corresponding pair of dimensions. The
analysis characterizes how bands propagate through com-
mon algebraic operations, such as elementwise clamping
(e.g., ReLU), tensor addition, and einsum expressions, which
are pervasive in computational graphs. Example 2.13 shows
the effect of einsum contractions.

Example 2.13 (Einstein summation). Figure 4 depicts the
operation einsum(xik, kj — xij). This expression denotes
a tensor contraction (in this case a batch matrix-matrix prod-
uct) written as an Einstein summation. Let A € RX*IxK
and B € R/ The resulting tensor C € R**/*/ is defined
elementwise by the formula below:

K
Cyij = ZAxik * By
k=1

The index k appears in both operands but not in the output
because it is summed over. Indices x, i, j appear in the out-
put because they are preserved. Operationally, this notation
represents a family of matrix multiplications: for each fixed
x, the slice Cx .. is obtained by multiplying the matrix A, ..
by B.

B[8x8]

(Ay) = (1, 1) ACyp) =(2,2)
Ady) = (*, %) ACy)=(*7)
AAg) = (%, %) ACp) = (% %)

Figure 4. Tensor contraction einsum(xik, kj — xij). We
use * as a generic placeholder for the maximum bandwidth.

Example 2.13 shows the concrete effect of an einsum con-
traction. This paper is interested in the abstract effect the
contraction (and other operations) has on the banded sparsity
pattern of matrices. Example 2.14 shows this abstract effect,
explaining how bandedness analysis over-approximates the
bands of tensors produced by einsum operations.

Example 2.14 (Band propagation). A tensor A, illustrated
in Figure 4. is banded along the (i, k) dimensions with sym-
metric half-bands b, i.e.,

li — k| > b,

Alx,i,k] =0 whenever
and that B is banded along (k, j) with the same half-bands:

Blk,j] =0 whenever |k—j| > b.

A product term A[x, i, k] X B[k, j] is zero whenever one of
the operands is zero. Hence, a contribution to C[x, i, j] exists
only for indices k such that

i—k|<b and |k-j|<Db.
By the triangle inequality, these conditions imply
li—j| <li—k|+|k—j| <2b.

Therefore, the resulting tensor C is banded along the (i, j)
dimensions with half-extent at most 2b. The bandedness
analysis that Section 3 formalizes is able to conclude that
the 2D projection a(C;;) = (2b, 2b), provided that a(A;) =
(b,b) and a(Bg;) = (b, b).

Example 2.14 illustrates the forward propagation of ab-
stract information. In this case, we have C computed as a
function of tensors A and B. Knowledge of annihilating ele-
ments present in A and B lets the analysis infer such elements
in C. Section 3.3 discusses the propagation of abstract infor-
mation in the inverse direction.
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2.6 On the Choice of Granularity

The bandedness propagation analysis tracks band informa-
tion per 2D projection. A projection A;; aggregates all tensor
entries obtained by fixing the indices i and j while vary-
ing the remaining modes. In Figure 4, A;; summarizes the
relevant elements across A[i, j, 1], A[i, j, 2], and A[i, j, 3].

In principle, BPA could be made more precise by tracking
information at a finer granularity, e.g., a(A[i, k,0]) = (1,2)
and a(A[i, k, 1]) = (2, 1), instead of the coarser abstraction
a(Aij) = (2,2). We deliberately avoid this refinement to
keep the analysis simple and efficient. Consequently, the
amount of information associated with each tensor grows
quadratically with the number of its dimensions, but remains
independent of the sizes of these dimensions, in contrast
to previous work, such as Ananias et al. [2]’s. Nor does it
depend on the number of elements in a tensor, in contrast
to the work of Zheng et al. [45]. Section 4 demonstrates
empirically that this design choice yields a significantly faster
implementation.

3 Static Analysis

This section outlines the formal components of the proposed
analysis, including its lattice and transfer functions. Sound-
ness and convergence guarantees are discussed in the ex-
tended material.

3.1 Lattice

The abstract domain introduced in Section 2.4 induces a
natural concretization function y that maps abstract values,
representing the band extents (p, q) (Definition 2.5), to sets
of concrete matrices. The partial order C on abstract values
is defined by set inclusion over their concretizations:

(Po,q0) C (p1.q1) it y(po,q0) 2 y(p1,q1).

This relation holds if and only if pg > p1 A qo = g1. There-
fore, the larger the extents of irrelevant values (the null
bands), the higher up in the lattice the matrix is. The highest
element in this lattice is the set of diagonal matrices, defined
by T = (0, 0). The lowest element, in turn, is the general ma-
trix, whose abstract state is L = (%, x), where = is the largest
index value in the matrix. The least upper bound (join) of
two abstract values is given by:

(Po:q0) V (p1,q1) = (min(py, p1), min(qo, g1))-

Example 3.1. Figure 5 shows the lattice induced by the set
of 4 X 4 matrices. The figure represents the lattice as a Hasse
Diagram, along with some abstract values and the instances
of tensors that belong to those sets. The arrows show the
partial order that determines the lattice structure, meaning
that if ay — ay, then the relationship a; > ao holds between
abstract states ao and a; .

IThis lattice is equivalent to several well-known structures. For instance,
it is isomorphic to the divisor lattice of numbers of the form mN-1pN-1

Diagonal . (0,0) Upper Triangular
1]ofofot"" 1[5[1]1
0]2]0]|0 0[2]3]|3
0/0]3]0 (1,0) 0,1 olo]3]2
0|00 0[{0]|0]|4

(3.0) @1 1,2 N (0.3
3. 1) 2.2) (1,3)
112|314 1111010
6|7]8]9 (3,2) 2,3) 1]2]2]0
1(21314 01233
6|7]89} . olo[3]4
General 7 3,3) Tridiagonal

Figure 5. Partial order induced by the least-upper bound of
algebraic properties.

3.2 Forward Transfer Functions

Figure 6 shows the transfer functions that propagate infor-
mation about elements that must be annihilating, like zeros
in the (R, +, X) semiring, for instance. Abstract interpreta-
tion follows any topological ordering of the computational
graph. Each operation op is associated with a transfer func-
tion fop : Pk — P, where P is the lattice of bands shown in
Figure 5, and k is the arity of the operation.

The abstract states of the input operands are initialized
outside the analysis. This process is called bootstrapping, and
happens, for instance, via user annotations. This initializa-
tion determines which elements of a tensor are known to be
zeros (or, more generally, annihilating elements, as explained
in Section 2.1) before the analysis starts.

3.2.1 Unary Transfer Functions. Rules csum, padx, zpew,
and trsp in Figure 6 show the abstract interpretation of
unary operations. The latter refers to transposition, e.g.,
einsum(ij — ji) is equivalent to B = AT2, Rule csum refers
to cumulative reductions, e.g., prefix sums involving sum,
logical or, product, etc. We show reduction along rows, but
reductions along columns apply too, in this case yielding
(*, q), as Figure 7 shows. Rule padx refers to any padding
operation that extends a 2D matrix with annihilating ele-
ments along its top (t), bottom (b), left (1), and right (r) sides.

where m and n are distinct primes, or to the lattice of rectangles anchored
at the origin in the grid [0, N — 1] X [0, N — 1], ordered by inclusion.
ZFigure 6 adds names to the indices of einsum operations to be able to refer
to specific projections. Thus, we use B;; = einsum(A;; ) to represent the
standard einsum(ij — ji) operation.
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Bij = csumfrows(Aij) (€ a(Aij) =(p,q)

a(Bjj) =@, ®)

[csum]

Bl.l = trlm(Aij, t,b,,r)EG ll(Au) =(p,q [trim]

a(Bij) = (max(0, min(*, p+1-t)), max(0, min(¥, g+t-1)))

Bjj =pad(Ajj . b, LN EG  a(Aj) = (P, q)

[padx]
«(Bjj) = (max(0, pHt-1), max(0, g+1-t))
Bij = zerofpreservingfelementwise(Aij) (Y€ ”’(Aij) =(p,q e
a(Bj) = @, @)
Bjj=cinsum(AD EG  a(Aj) = (p, q) [trsp]
a(Bjj) = (4, p)
Cjj = cinsum(Ayy, Bij) €G- a(Aj) = (Pp, 4p) @By = (pg. dp) S
«Cjj) = (min(pp + pp, *), min(qa +qp; *))
Cij = add(Aj;, Bj) EG a(Ajj) = (Pa-dp)  a(Bj) = (pp, ap) [olus]
plus
®(Cjj) = (max(pa, pp), max(qa, qB))
CU = hadamard(Aij, BU) eG (X(AU) = (pA, qA) a(B‘J) = (pB, qB) [hdmd]

(Cjj) = (min(pp, pg), min(qu, 4g))

Figure 6. Forward transfer functions associated with unary
and binary tensor operations.

An inverse rule applies for trimming operations that remove
elements from matrices (see Figure 7).

csum_rows(A)  csum_cols(A) trim(A, 0, 1,0, 1) pad(A, 1,0,0, 1)

1[2]0]o 1[2]0]o 1[2]o]o T2To
1[2]1]o 1[2]1]o0 1[2]1]o T

2 2

0[2]3]3 0]2]3]3 o]2]3]1 AR
ofof1]2 oJof1]2 ofo]1]2

1[3]3]3 1[2]0]0 T30 ofofofo
1[3]4]4 2]4]1]o 5 1[2]0]o
o[2]s]s 2[6]4]3 R 1[2]1]o
ofof1]3 2]6[5]s o[2]3]o0
aB)=(1,*)  aB)=(*1) aB)=(1,1) «B)=(2,0)

Figure 7. Unary operations and the abstract states they
generate, assuming a(A) = (1, 1).

Rule zpew refers to any operation B = g(A), where g is a
zero-preserving element-wise unary operation (e.g., abs, neg,
relu, floor, round, sqrt, etc.). They preserve banded structure,
e.g., a(B) = a(A). Preservation of zeros excludes operations
like exp, sigmoid, and scalar additions.

Example 3.2. The clamp operator clamp(x) = max(0, x),
which implements the Rectifier Linear Unit (ReLU), is a case
of Rule zpew: it is an element-wise unary operation that

preserves all zero entries. As a result, the algebraic structure
induced by zeros is preserved, e.g.: a(clamp(A)) = a(A).

3.2.2 Binary Transfer Functions. Rules mmul (matrix
multiplication), plus (matrix addition), and hdmd (Hadamard
product) refer to binary operations. Other additive element-
wise binary operators (subtraction, or, xor, etc.) follow the
transfer function of Rule plus. Boolean and follows Rule
hdmd. If no rule applies, the transfer function conservatively
returns the bottom element (s, %), representing an unknown
structure.

Together, the rules in Figure 6 can be understood as a set
of abstract bytecodes, which allow BPA to analyze complex
operations as decompositions of simpler ones. This view
enables the inference of banded structures over operations
involving multi-dimensional tensors and permutations of
indices. As an example, BPA treats an operation such as
einsum(ki,kj — ji) in the same way as (A”B)’. Exam-
ple 3.3 illustrates how a more complex operation is handled.

Example 3.3. Consider Copcer = €insum(Agpeds Baer). This
operation performs a tensor contraction over the shared
index d and an outer product over the remaining unique
indices a, b, ¢, e, and f to produce a five-dimensional output
tensor. BPA represents this operation as a product C., =
einsum(Ac4, Bge), and treats the other combinations of in-
dices as identities. Thus, if the projections over dimensions
cd and de are banded, the ce projection will also be banded,
whereas the other projections are propagated as-is.

3.3 Backward Transfer Functions

Binary operations that form a semiring (see Section 2.1)
enables the backward inference of elements that may be
irrelevant to computations. In this setting, interactions with
annihilating values restrict which elements of the operands
can influence that result. Example 3.4 illustrates this process.

Example 3.4. Consider the operation C = A + B. Assume
that it has been determined that «(C) = (1, 1), then no entry
of A or B outside the tridiagonal band can influence the
computation. Consequently, these entries are irrelevant and
can be treated as zeros for this operation. In a computational
graph, an entry is deemed to be zero if it can be regarded as
zero for all the operations for which it is an operand.

More generally, suppose the computational graph contains
k operations that consume a tensor A to produce tensors
By, ..., Bi. Backward propagation updates a(A) as follows:

a(A) =a(A)V (a(By) A--- Aa(B)). 1)

The meet operation ensures soundness when a tensor
participates in multiple operations: an entry of A is marked as
irrelevant only if it is irrelevant for all of its uses. Example 3.5
illustrates this property.

Example 3.5. Figure 8 shows how information flows back-
ward from tensors D and G to tensors A, B, and C. Backward
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propagation from D refines the abstract state of C, but can-
not refine the state of B, because B also receives backward
information from G, whose abstract state is (x, *).

A B C
N\ £ \
A/ddition A/ddition
2 2
G D E
I

N T
~ I
~ l}

~

Initialization: Backward: RN M
®(A) = LowerTriangular 3:a(C)=a(C) vV a(D) Hada,mard
a(E) = Diagonal = General V Diag. = Diag. !

a(X) = General, X ¢ {A, E} \4
4: a(B) = a(B) V ((D) A a(G)) F
= General V (Diag. A General)

= General V General = General

Forward:
1: (E) = Diag. = o(F) = Diag.

Lateral: 2: o(D) = a(D) V a(E) = General V Diag. = Diag.

Figure 8. Example illustrating the role of the meet operation
in sound backward propagation.

Theorem 3.6 shows that the bandedness propagation anal-
ysis reaches a fixed point on any acyclic computational graph
G after a single forward pass followed by a single backward
pass. The forward pass follows a topological ordering of the
nodes in G, while the backward pass follows the correspond-
ing reverse ordering.

Theorem 3.6. Let G be an acyclic computational graph. A
single forward pass followed by a single backward pass com-
putes a fixed point of the analysis.

Special Cases. Given an operation B = f(...,A,...),
Equation 1 uses a(B) to refine a(A). There are two important
cases in which «(B) must be adjusted:

Transposition: Transposition permutes tensor dimen-
sions by swapping rows and columns. Thus, if B = AT
and a(B) = (p, q), then backward propagation uses
(g, p) when updating a(A).

Multiplication: For matrix multiplication, e.g., B = AX
X, backward propagation must conservatively assume
that all entries of A may contribute to B. Thus, we use
a(B) = (%,%) in Equation 1. This loss of precision is
necessary for soundness, as every non-zero entry of
A may influence the result.

Example 3.7. Figure 9 illustrates the effect of transposition
on backward propagation. In this case, Equation 1 swaps the
band extents of B when computing the abstract state of A.

Backward:
A 3.0(A) =
a(BT) v a(A) =
0, 1)

=7 =7
Translpose Initialization: Translpose
1 — 1
B v a(C)=(1,0) B v
I
\l l/ C Backward: S
2.a(B)=
Hada:mard a(B) v a(D) =
v (1,0
D
Forward:

1. a(C)=(1, 0) =
aDd)=(1,0)

Figure 9. (Left) Effects of forward propagation. (Right) Ef-
fects of backward propagation.

4 FEvaluation

This section evaluates the impact of the bandedness propaga-
tion analysis by addressing the following research questions:

RQ1: What is the asymptotic complexity of the banded-
ness propagation algorithm?

RQ2: What are the potential memory savings enabled
by optimizations based on bandedness propagation?

RQ3: What are the potential time savings enabled by
optimizations based on bandedness propagation?

RQ4: How does the analysis runtime impact the compi-
lation pipeline?

RQ5: How much sparsity can be propagated by the for-
ward and backward passes?

Software and Hardware: The bandedness propagation
analysis was implemented in MLIR (LLVM 21.0). All exper-
iments were conducted on an AMD Ryzen Threadripper
7970X (32 cores, 64 threads) with 128 GiB of RAM, running
Ubuntu 24.04.4 LTS. All experiments were collected using
the average of 10 executions plus one warmup execution.
The reported time and memory values were measured using
the Linux time command.

Benchmarks: To evaluate the proposed research questions,
we use four benchmarks that typically show banded patterns:

Kalman: The prediction covariance step of the Kalman
Filter algorithm [22], e.g.: Pjk—1 = FPk_1|k_1FT +Q,4
where the matrices P, Q and F are 1024 X 1024.

Sparse Attention: An implementation of masked at-
tention, where addition with —oo is replaced by a
Hadamard product of a boolean tensor, and softmax
operates within bandwidth boundaries. This is identi-
cal to traditional softmax on a fully dense matrix.
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Batch Bertlike: abatched implementation of the BERT-
like model used by Ananias et al. [2], but written in
MLIR’s linalg dialect. Tensors are 4 X 1024 X 1024.

Chain: A kernel formed by a chain of matrix multiplica-
tions, following the benchmarking methodology used
by Lenadora et al. [28]. Matrices are 1024 X 1024.

Configurations: This paper uses the bandedness propaga-
tion analysis to implement five different code generators:

Dense: Stores all tensor elements (including zeroes)
in a standard row-major format, but uses the static
bandedness analysis to skip empty diagonals during
computation and eliminate redundant graph opera-
tions (like transposing a diagonal matrix).

Compressed : Stores only the diagonals of matrices us-
ing a diagonal compressed format [36] (with padding)
and produces all intermediate tensors in this format;
however, it expects the initial input tensors to be pro-
vided in a dense format.

Compressed-Input: Process and produce all interme-
diate tensors in the compressed diagonal format, but
strictly requires the initial input tensors to be com-
pressed in the DIA format as well.

Hybrid: Employs a static heuristic based on output
bandwidth to dynamically choose the optimal storage
format for each intermediate tensor, using the com-
pressed DIA format at low bandwidths to save space
and switching to the dense format at high bandwidths
to avoid diagonal padding overhead.

Hybrid-Compressed-Input (Hybrid-CI): Combines
the hybrid heuristic with the requirement of com-
pressed inputs; it starts with DIA-formatted inputs
and dynamically switches intermediate and output
tensor formats between dense and DIA based on the
predicted storage overhead.

Baselines: This paper uses two baselines:

Baseline: A standard implementation of the computa-
tional graphs in MLIR’s linalg dialect. MLIR’s code
generator produces loops in the common IJK order
when implementing matrix multiplication.

Baseline-ikj: The same implementation, however, with
the IKJ loop ordering, which we invert via a non-
standard MLIR pass, to improve locality.

Notice that several systems already provide abstractions
and code generation support for sparse computations, in-
cluding SparseTIR [43], TACO [24], and DASTAC/StructTen-
sor [15]. In principle, these tools could serve as baselines for
comparing kernel execution time. However, extending this
comparison to entire computational graphs is challenging.
We have, in fact, evaluated StructTensor for this purpose. Al-
though StructTensor can represent banded matrices through
its unique-set and redundancy-map abstractions, it generates
a single fused kernel for the entire computational graph. In
our benchmarks, the resulting binaries were several orders of

magnitude slower than those produced by our MLIR-oriented
baselines. Consequently, while we use StructTensor as a base-
line for the running time of our analysis (Section 4.1), we do
not include it, or similar kernel-oriented code generators, in
the end-to-end performance comparison of computational
graphs (Section 4.3).

Correctness: In every experiment reported in this section,
we verified that the code produced by each generator, with
or without optimizations, produces identical output when
given the same input.

4.1 RQ1: Asymptotic Behavior

The asymptotic behavior of an algorithm describes how its
time or space complexity scales as the size of the input grows.
We claim that the bandedness propagation analysis (BPA)
exhibits better asymptotic behavior than other static analyses
capable of subsuming its results. To support this claim, we
compare BPA against the following techniques:

StructTensor [15]: the static analysis used in the im-
plementation of the DASTAC compiler [14].

SparTA [45]: a static analysis that propagates sparsity
information per individual tensor elements.

Section 5 provides additional details about these analyses.
We do not compare against SPA [2], because it is unable to
infer any sparsity for the benchmarks used in this paper.

Discussion: Figure 10 compares the asymptotic behav-
ior of the different static analyses. Because the figure uses
a logarithmic scale, the poorer asymptotic complexity of
StructTensor is readily apparent. StructTensor scales poorly
because it requires constructing and simplifying symbolic
expressions; however, it propagates more information, e.g.,
it can track sparse subregions within tensors.
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Figure 10. Logarithmic plot comparing the symbolic execu-
tion cost of different analyses. STUR refers to StructTensor.

SparTA and BPA both scale linearly with the number of
tensors in the graph, but BPA has a smaller constant factor.
Furthermore, BPA’s runtime depends only on the number
of tensor dimensions, whereas SparTA propagates informa-
tion for individual tensor elements, effectively executing the
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computational graph over boolean values. Consequently, for
the matrix-multiplication chains used in Figure 10, SparTA’s
runtime grows quadratically with the tensor dimensions,
while BPA’s remains constant.

4.2 RQ2: Memory Consumption

Bandedness Propagation Analysis enables more compact
tensor storage. This section evaluates these memory gains.
Peak memory usage is reported in gigabytes, measured via
the Linux /usr/bin/time utility. We omit results for the
MLIR Baseline-ikj, noting that loop interchange has no
impact on memory footprints.

Discussion: Figure 11 illustrates the memory required by
the different code generators across the four benchmarks
as the input tensor bandwidth varies from 0 (a diagonal
tensor) to 1023 (a fully dense tensor). We observe storage
savings when the compressed diagonal (Compressed and
Compressed-Inputs) code generators are used. To preserve
cache locality, the DIA format pads all diagonals to match
the length of the main diagonal, enabling linear memory
access. However this padding introduces a storage overhead
of [% £+ entries, where p and g represent the lower and
upper bandwidths, respectively. For an N X N matrix, this
padding overhead causes the DIA representation to exceed
the size of a standard dense matrix whenever (p+q) > N-1.
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Figure 11. Peak memory consumption of the four compu-
tational graphs implemented using the bandedness analysis
across different formats and bandwidth values (p = q).

The Dense and Baseline code generators employ the
same storage scheme. However, the code generated for the
Dense configuration leverages BPA to skip empty diagonals,
computing a diagonal-by-diagonal product. Even though
it allocates space for all tensor elements (including empty
diagonals), the Dense approach can still outperform the
Baseline in memory consumption. This occurs because BPA

eliminates redundant graph operations; for example, it re-
moves a matrix transposition when the bandwidth is zero,
as shown in the Kalman Filter plot (row=1, col=1).

The hybrid approaches allow the compiler to dynamically
choose the storage format of an intermediate or output ten-
sor based on the properties inferred by BPA. For instance, a
dense 10241024 banded matrix with (p, q) = (256, 256) con-
tains approximately 56% redundant zero entries. In contrast,
storing this matrix in the DIA format incurs only a 12.5%
overhead due to diagonal padding—yielding a 44% reduction
in wasted space. Consequently, the hybrid configuration (op-
erating on dense inputs) improves upon the Dense baseline
at lower bandwidths (0-128) by lowering intermediates to
the compressed DIA layout while padding overhead remains
minimal. At medium to high bandwidths (256-1023), the
selection heuristic switches to a dense format for interme-
diate allocations, avoiding the explosive padding overhead
brought on by a high number of active diagonals. In this
work, the storage choices for the hybrid and hybrid-dia-
inputs configurations are determined ahead-of-time (AOT)
using the results of BPA on user-annotated inputs. Nonethe-
less, as demonstrated in Section 4.1, BPA executes rapidly
enough that these structural optimization decisions could be
deferred to a just-in-time (JIT) compilation model based on
runtime-inferred shapes and bandwidths.

4.3 RQ3: Execution Time Savings

Bandedness Propagation Analysis (BPA) enables compiler
optimizations that reduce program execution times. Perfor-
mance gains stem either from specialized code generation
that operates exclusively on non-null bands or from im-
proved memory locality that enhances cache utilization. To
evaluate this impact, this section compares our various BPA-
driven code generators against two standard MLIR baselines.
Execution time is reported in seconds and encompasses end-
to-end benchmark execution, including data loading, input
parsing, and result serialization.

Discussion: Figure 12 illustrates the log-scaled execution
times of the four computational graphs under the same exper-
imental configurations described in Section 4.2. The extent
of the non-null bands varies from 0 (diagonal tensors) to 1023
(fully dense tensors). The optimized Baseline-ikj baseline
outperforms the standard Baseline configuration, not only
due to superior cache locality but also because its memory
access pattern enables more extensive vectorization by the
compiler. Nevertheless, all BPA-aware kernels consistently
outperform both baselines when operating on tensors with
large null bands. The underlying reasons for this enhanced
performance vary across configurations, and with the ex-
ception of the Dense and hybrid variants, this competitive
advantage diminishes as tensor density increases.

The Dense and Compressed kernels both restrict their
operations exclusively to non-null bands. The Dense kernel
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Figure 12. Log-scaled execution time comparison of the
bandedness-aware compiler using DIA and dense formats
against naive MLIR code (Baseline) and MLIR configured
with an i-k-j matrix-multiplication loop ordering (Baseline-
ikj). Each value on the x-axis represents a different band-
width parameter (p = q) for the input tensors of the graph.

reduces the asymptotic time complexity of a naive matrix
multiplication from O(N?) to O(w?N), where w = (p+q+1)
represents the total bandwidth, and p and q denote the
lower and upper non-null extents, respectively. Concurrently,
the Compressed kernel leverages a custom diagonal-by-
diagonal matrix multiplication routine that writes the com-
putational results directly into a compressed storage scheme
during execution. The Compressed-Inputs configuration
amplifies these performance gains further because both the
intermediate tensors and the initial input tensors utilize a
compact, low-footprint representation.

Hybrid is beneficial in most scenarios, often matching
the best configurations. The decision of which format hy-
brid uses is based on memory consumption (as seen in Sec-
tion 4.2) rather than execution speed. Consequently, at very
high tensor densities, regressions can be observed. Also, the
hybrid-dia-inputs kernel can exhibit performance regres-
sions relative to the optimized Baseline-ikj baseline in dense
settings because the input tensors are diagonalized. These
performance penalties would be mitigated by tuning the code
generator’s optimization heuristic to use execution time as
its primary objective function instead of storage space.

4.4 RQ4: Compilation Overhead

Section 4.1 evaluated the asymptotic behavior of BPA. This
section enriches that study with absolute runtime numbers to
show that BPA accounts for a small portion of the time spent
to compile a typical computational graph. Furthermore, it is
constant per computational graph, regardless of the size of

the tensors, in contrast to the time to run that computational
graph, which increases as the input tensors grow.

Discussion: Figure 13 compares the execution time of
the static analysis (orange) against the standard compilation
time (blue) and the graph execution time (green) using com-
putational graphs configured with different initial bandwidth
values to generate Dense kernels. Note that the reported
compilation time strictly excludes the analysis overhead. The
first four benchmarks plotted on the x-axis correspond to
the workloads evaluated in the previous experiments. The
remaining entries represent synthetically generated random
computational graphs, with operator counts scaling from 20
to 200. These synthetic operators are drawn from a uniform
random distribution of matrix multiplications, additions, sub-
tractions, transpositions, and Hadamard products.
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Figure 13. The execution time of BPA compared against
the standard compilation and execution times of different
computational graphs, evaluated across initial bandwidth
values of 0, 64, and 127 (from left to right).

Figure 13 evaluates these workloads using 128 x 128 ten-
sors, and Figure 14 uses tensors of different sizes. Each bench-
mark reports three distinct bars corresponding to initial input
bandwidth values of 0, 64, and 127 (ordered from left to right).
A bandwidth of 0 leads to faster compilation and execution
times, as the backend code generator simplifies the general
matrix operations into optimized, one-dimensional vector
computations along the active diagonals. Figure 14 shows
that even increasing the size of the matrices (up to 2048),
and using the smallest bandwidth value, the analysis still
remains constant time, and is much faster than evaluating
the computational graph.

4.5 RQ5: Impact of Multi-Propagation

The bandedness propagation analysis transmits abstract state
information along two complementary directions: forward
(Sec. 3.2) and backward (Sec. 3.3). While forward propagation
alone is sufficient for many computational graphs, backward
propagation becomes particularly valuable when operations
with annihilating elements are present (Sec. 2.1.1)—masked
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Figure 14. The BPA execution time compared to the compi-
lation, and runtime of the Chain benchmark using different
matrix sizes at zero bandwidth.

attention being a representative case. This section empiri-
cally evaluates the incremental benefit of backward propa-
gation in this context.

Results and Discussion: Figure 15 illustrates the sparsity
ratios inferred during the analysis of masked attention under
varying initial non-null bandwidths. The sparsity ratio is
defined as the number of zero-valued elements divided by
the total number of elements. Bars labeled “Initial” denote
the sparsity level prior to any propagation, determined solely
by the initial annotations of null bands.
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Figure 15. Sparsity ratio (zero elements / total elements) of
tensors in masked attention under different masks, before
and after each propagation phase.

As shown, forward propagation more than doubles the ex-
tent of bands identified as null. This outcome is expected, as
the computational graph comprises three input tensors and
four intermediate tensors that are amenable to forward anal-
ysis. Backward propagation, while yielding a comparatively
smaller absolute increase, still contributes meaningfully: in
several configurations, it more than triples the null-band
extent beyond the forward-only result.

The practical impact of this additional sparsity is further
demonstrated in Figure 16. For the attention benchmark,
code generated using bidirectional propagation is approxi-
mately 15 times faster than forward-only generation in the
best case scenario (p=3, q=0) and 2 times faster in the worst

case (p=1023, q=0). This difference shows the value of back-
ward propagation for performance-critical applications.
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Figure 16. Comparison between the execution time of
code generated with forward-only versus forward+backward
propagation.

5 Related Work

There are many static analyses that infer sparsity in computa-
tional graphs. Some of these analyses are restricted to partic-
ular operations, such as Lopez et al. [31], which propagates
symmetry and triangularity over chains of matrix multipli-
cations. Other techniques are restricted to two-dimensional
tensors, such as the pioneering work of Sommer et al. [38]’s
MNC, which estimates zeros in 2D matrices. Some analy-
ses are designed without guarantees of soundness, such as
the heuristic proposed by Yan et al. [41], which associates
each dimension of a tensor with one of two abstract states:
Sparse or Dense, and assume that operations such as addi-
tion of sparse data preserves sparsity. Nevertheless, there
are a number of static analyses that, like BPA, generalize to
multidimensional tensors and to different kinds of tensor
operations. Figure 17 illustrates their differences. In the rest
of this section, we explain these differences, emphasizing
that they all operate on acyclic computational graphs. This
property implies that they are non-iterative: due to acyclic-
ity, a fixed point is guaranteed to be reached after a single
round of abstract interpretation (or three rounds, in the case
of multidirectional analyses).
Analyses that infer irrelevant elements. The most gen-
eral sparsity analysis we are aware of is SPARTA [45]. As
Figure 17 shows, it represents sparsity information per ten-
sor element. Thus, computing abstract states is equivalent
to executing the computational graph over boolean tensors.
Although the public implementation of SPARTA handles only
2D matrices®, its presentation assumes multidimensionality.
One drawback of SPARTA is its high asymptotic cost,
which motivated Ananias et al. [2] to develop Sparsity Propa-
gation Analysis. As Figure 17 shows, this analysis associates
each tensor slice with a boolean value indicating whether

3In https://github.com/microsoft/nni/tree/sparta_artifact on April’26.
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Figure 17. Examples of abstract states used by sparsity prop-
agation analyses. These analyses operate on acyclic compu-
tational graphs involving tensors of arbitrary dimensionality.
STRUCTTENSOR supports only forward propagation, whereas
the other analyses also support backward propagation.

that slice contains only irrelevant elements or not. A slice,
in this context, is a subset of tensor elements in which all
but one index are fixed. In the example shown in Figure 17,
slices correspond to the one-dimensional rows and columns
of a 2D matrix. Due to this choice of representation, Spa is
unable to track irrelevant bands, as Figure 17 shows: it infers
a diagonal matrix as fully dense.

The analyses of Ananias et al. [2] and Zheng et al. [45]

propagate the irrelevant entries from Definition 2.4. Thus, in
addition to forward propagation, they support lateral and
backward inference of irrelevant elements. If this notion is
restricted to elements that must be zero, rather than elements
that can be treated as zero, then only forward propagation
is possible. This is the approach adopted by Ghorbani et al.
[15] in the STRUCTTENSOR compiler.
Analysis that infer null elements. There exist static anal-
yses that infer elements that must be zero in any execution of
a program [15, 29, 31]. However, only STRUCTTENSOR, from
Ghorbani et al. [15], generalizes to tensors. STRUCTTENSOR
represents tensor regions as sums of products of inequalities,
as illustrated in Figure 17, Non-null regions are annotated
by the user and propagated via symbolic rules. By restricting
regions to sums of products, the symbolic interpreter can
compose regions via union, intersection, and projection with-
out resorting to the expensive integer-linear programming
techniques used in the polyhedral model. However, this de-
sign has a cost: the representation of non-null elements may
contain overlapping regions, which can grow large depend-
ing on the bootstrapping annotations. Furthermore, even
without overlap, sums of products can grow quickly. For
instance, a matrix in which only the last band is null would
require one inequality per band, except for the last.

4STRUCTTENSOR also propagates redundancy due to symmetricity. This
kind of propagation is unrelated to this paper; hence, we do not discuss it.

6 Conclusion

This paper introduced Bandedness Propagation Analysis
(BPA), a static analysis that infers banded-diagonal invari-
ants in computational graphs. BPA represents multidimen-
sional tensors through collections of 2D projections and
propagates band information using forward and backward
transfer functions over common tensor operations, including
contractions, transpositions, element-wise operators, and re-
ductions. We implemented BPA in MLIR and showed that
the analysis introduces only a small compilation overhead
but enables optimizations that reduce memory consumption
and execution time of computational graphs.

We identify two limitations in the current formulation
of Bandedness Propagation Analysis that present opportu-
nities for future work. First, the analysis does not support
skewed bands. Such structures occur in practice; for exam-
ple, average-pooling matrices exhibit integer-sloped bands
dictated by the pooling factor. Second, our abstract domain
uses static constants to define band boundaries, whereas
bounds could be specified by symbolic expressions. Much
like the extension of interval-based range analysis [8, 34]
to symbolic ranges [33], Bandedness Propagation Analysis
could be similarly extended to handle symbolic bounds.

Data Availability Statement

An artifact to reproduce the experiments in this paper is avail-
able in Zenodo [18]. An up-to-date version of the implemen-
tation is available at https://github.com/seliayeu/algebraic-
structure-analysis/.
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A Artifact

This section provides the tools and instructions necessary to
reproduce all the results presented in Section 4 via a Zenodo
artifact [18].

A.1 Artifact Check-list (Meta-information)

o Algorithm: The artifact builds and evaluate the implemen-
tation of the Bandedness Propagation Analysis (BPA) used
to propagate bandwidth information across computational
graphs.

e Program: The analysis and the code generator is imple-
mented on top of MLIR [27] compiler infrastructure.

e Compilation: The project was implemented using MLIR
with commit hash 5e78d5e262¢c@, C++ 17, and CLANG 23.
The following lowering pipeline converts the upstream and
custom dialects to LLVM dialect.

--banded-analysis, --banded-rewrite,
--empty-tensor-to-alloc-tensor,
--one-shot-bufferize=bufferize-function-

boundaries,
--convert-linalg-to-loops, --convert-scf-to-cf,
--convert-math-to-11lvm, --convert-math-to-libm,
--expand-strided-metadata, --lower-affine,
--convert-arith-to-1lvm, --convert-func-to-1llvm,
--convert-cf-to-1lvm, --finalize-memref-to
-11lvm,

--reconcile-unrealized-casts

The LLVM dialect is then translated into LLVM IR using the
mlir-translate tool, which is then finally compiled with
1llc -03.

e Binary: The artifact will automatically compile the analysis
and reproduce all the data and figures,

e Run-time environment: The run-time requires a Docker
installation with necessary privileges to build and run con-
tainers.

o Hardware: All experiments were conducted on an AMD
RyzeN Threadripper 7970X (32 cores, 64 threads) with 128
GiB of RAM, running UBUNTU 24.04.4 LTS

e Metrics: Execution time, compilation time, analysis time,
percent sparsity, and memory consumption.

e Output: The artifact will call a set of Python scripts to run
the BPA binary, compile the data into CSV files, and plot the

results. All six figures from Section 4 will be automatically
stored in a folder called results in the current directory.

e Experiments: Each experiment presented in Section 4.

¢ How much disk space required (approximately)?: 10
GiB.

e How much time is needed to prepare workflow (ap-
proximately)?: No preparation is needed in addition to
installing Docker. However, the underlying image used in
the container builds the specified MLIR version, which can
take a few hours depending on the machine.

e How much time is needed to complete experiments
(approximately)?: It takes approximately 8 hours to com-
plete the experiments on the hardware described in Section
4 once the Docker image is built.

e Publicly available?: BPA is available at https://github.
com/seliayeu/algebraic-structure-analysis and the artifact
is available at https://zenodo.org/records/21892150.

o Workflow framework used?: Docker

e Archived (provide DOI)?: https://zenodo.org/records/
21892150

A.2 Description

A.2.1 How delivered. Delivered via artifact https://zenodo.org/
records/21892150 and source code on https://github.com/seliayeu/
algebraic-structure-analysis.

A.2.2 Hardware dependencies. The experiments require 10
GiB of disk space and up to 8 GiB of memory. We tested the artifact
on three different hardware configurations:
e AMD Ryzen Threadripper 7970X 32-Cores with 128 GiB of
RAM
e Mabook Air M4 2025 with 16 GiB of RAM
e AMD Ryzen 7 3700X (8 cores, 16 threads) with 32 GiB of
RAM

A.2.3 Software dependencies. All tests were validated using
Ubuntu 24.04 inside Docker, version 29.2.1, build a5c7197.

A.3 Installation
1. Download the artifact at https://zenodo.org/records/21892150.
2. Build the Docker image:

$ docker build -f Dockerfile.artifact \
-t bpa-artifact --target runtime

3. Run the experiments:

$ docker run -d -v \
$(pwd)/ results :/app/bpa/results --name \
bpa-experiments bpa-artifact:latest

The -d flag will run the container in detached mode. It is possible
to inspect the progress and state of the container by running the
following command:

$ docker logs bpa-experiments

A.4 Experiment Workflow

By default, the Docker container will run a Python script called
artifact.py to collect data and generate all figures from Section
4 using the average of 10 executions per experiment. The artifact is
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divided into six figures, which, if not specified, are built in ascending
order.
The artifact script has two main phases:

1. Call the respective binary for the experiment. Store metrics
in a CSV file inside the figure folder under the results
directory.

2. Once the data is collected, a PNG file is saved in the figure

folder (e.g. results/Figure 13/compilation_time.png).

A.5 Evaluation and Expected Result

Once finished, a directory with the csv files and figures from Section
4 is automatically copied from the Docker container to the current
directory on the host. Inside the results folder, a directory for
each figure with its . csv, .png and an iterative .html plot files
inside will be available.

A.6 Experiment Customization
We added additional flags for debugging purposes in the artifact.
You can specify a list of figures to generate and the number of
executions (default is 10) to run each experiment. The —-figures
flag is used to feed a comma-separated list of figures (from 10 to
16), and the —runs controls the number of executions.

The following example generates only Figure 11 using the aver-
age of 10 executions.

docker run -d \
-v $(pwd)/ results :/app/bpa/results \
--rm \
--name bpa-experiments \
bpa-artifact \
-—figures 11 \
--repeat 10
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