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abstract

Computer tools are needed in systems biology to analyséapiualy the dynamics of Gene Reg-
ulatory Networks (GRNSs). Particularly, biologists areeirgsted in infering these networks from
observed behaviours. In this paper we present a Booleasfighiiity (SAT) approach applied
on a widely used asynchronous logical description of sudvars. After a brief presentation
of the asynchronous logical formalism, we explain how wereggp into constraints the evolution
rule of GRNs. Then, we show how to translate efficiently thesestraints into Boolean formulae.
We finally report results about infering parameters of adgatal model of the\-phage immunity
control. Our study shows that SAT solving is a powerful tom &nalysing GRNs and related
transition systems found in biological applications.

1 Introduction

The comprehension of a cellular system can pass by the mgdgfia Gene Regulatory Network
(GRN). For this purpose, it is necessary to look for the mdaygrs (genes) and the existence
of interactions between them. Most often the knowledge e$¢hinteractions in terms of kinetic
data, composition functions of several interactions owatibn threshold values of an interaction
remains incomplete.

In order to solve this problem, we propose a formal tool tgphkk reasoning which lean on
a constraint technology, the Boolean satisfiability (SAMis technology permits to describe a
problem in terms of mathematical relations (the constsdioh a set of variables. It induces a
declarative approach which permits to model a network aedukes which govern its dynamic
without fixing the variables of the problem and finally to menh a mix of simulation and inference
according to some biological observations or assumptibadows to gain knowledge on a GRN
by solving the related combinatorial problem.

To be specific, we use a well accepted formalism in the domia@ene Regulatory Network
(GRN) analysis: the asynchronous logical description byfamas [9]. We have described how
to formalize and analyse these networks with constrainggammming (CP) [5, 3], we propose a
SAT representation for this problem to improve significanitie performances by using a SAT
solver [4].

This paper is organized as follows. First, the problem isesged and the asynchronous logical
description is presented. Then, the design and the mais iolehe SAT model are presented.
Results and some comparative evaluation follows. Finatinclusions and plans for future work
are laid out.

2 The problem

The problem can be expressed as follows: Is there a model asedpof identified genes and
interactions which is coherent with some observed quaddatehaviours and hypotheses ? If
yes, what are the properties (about behaviours, kinetiagadtions) of the models which are
compatible with the behaviours and hyptohesese?

To be more precise we define in the following the GRNs and thiedmsonous logical descrip-
tion.



2.1 Gene Regulatory Network

To introduce the notion of Gene Regulatory Network, and weefos illustration purposes a par-
ticular biological process, the-phage immunity contrdB], whose GRN we now call\GRN for
short.

A GRN abstracts the interactions between sevgealesof a cell. An interaction can be an
activationor aninhibition. For instance, in thaGRN, the genel inhibits genecll: it means that
it has been observed at least one case where the quantitgtefrsc/ being low (under a certain
threshold), the concentration of proteiri$ has tended to increase, while it has not been observed
if ¢l is high (above this threshold).

In many biological interactions the influence of one genenugieother can be thought of as
a sigmoid function: there is a threshold in the concentratibthe protein at which the effect on
the production of the target protein changes steeply frdinient to inefficient. So, sigmoids are
often approximated by step functions.

The interactions between the genes are traditionally sgoted by amnteraction graph see
Fig. 1 for the interaction graph of oWGRN example. In this graph the nodes represent the
genes and the arrows from a nadé& a nodeb model the fact that the concentrationwéffects
the concentration of. Each arrow carries two annotations: a sign denoting thereaif the
interaction:+ for activation,— for inhibition; an index for the threshold at which the irgetion
changes its activity status.

The thresholds, notet (where; is the index of the threshold andis the component), at
which these changes occur may have no precise numerica,\altiwe can sometimes determine
experimentally the order between these thresholds. Fearins, for the specie€l, t!; is the
threshold for the interaction oN, ¢2, is the threshold for the three interactions @n(itself), cro
andcll (cf. Fig. 1) and the order between these two threshold isatefing: ¢}, < ¢2,.

Figure 1. Interaction graph for theGRN.

2.2 Asynchronous logical description

We present the asynchronous logical description, creatdtiédbiologist R. Thomas [9], which

relates the interaction graph of a GRN and its dynamic belasi The main goal of this formalism

is to obtain a qualitative understanding of the network dyica by reasoning on discrete entities.
It can be described as follows:

1. The model is purely discrete:

e The concentration of each proteinis modeled by a discrete variable, not&q. If
there arei thresholds of interest for the concentrationapfthen X, will range over



0,4]%. For theAGRN, we obtain 3, 4, 2 and 2 discrete values for the concéomisabf
cl, cro, cll andN, respectively.

e A discrete concentration stat€, or juststate of the system is represented by a vector
of discrete values for each of its genes. For instance algesstiateX of the \GRN
isX = (X, =0,X0=1X4 =0,Xy=0),0orX =(0,1,0,0) for short. This
state is interpreted as follows: the concentration of geres// andN are all below
their lowest threshold, while the concentrationasb is between its first and second
thresholds. In the GRN we have 48 different states.

2. Thetransition ruledefines for a particular state which are its successors.raéhsition rule
is based upon the following notions:

(a) Tendencyin a given state, the system can be thought of as tendingoloestowards a
new state, callefbcal state The complex mix of influences between the genes of the
system is therefore reduced to abstractions of the formtéite €0, 1, 0, 0), the system
tends to evolve towards the focal sté2e0, 0, 0)". The focal state of a stat¥ is noted
Fx and the value of each of its componeats denoted-, .

(b) Asynchronicity in a given transition, the system is not supposed to croetwnore
thresholds simultaneously.

Then, the transition rule can be expressed as follows:

¢ Ifthe system’s current stafg is different from its focal staté’y, then the concentration
of one of its componentswill change, by one unit, and in the direction indicated by
F. x. This is done independently for each component so that@ statin have several
successors We thus obtain a non-deterministic transiistes.

¢ If the system current state is equal to its focal state, tlsgesy is said to be in steady
stateand no concentration changes.

For instance if the stat@, 1, 0, 0) has(2, 0,0, 0) as focal state, then its successors are either
(1,1,0,0) (move along the first dimension towards value 2j®0, 0, 0) (second dimension,
towards value 0).

3. Thisleaves the question of how each compoenrtof the focal state of a staf€ is defined.
This definition is by case: componaenis influenced by a number of other components. For
instance the generois influenced bycl andcro (itself); depending on the current discrete
values ofX.; and X,,,, the tendency,,, x can take different values. As in theGRN
tl, < t?, andtl < 2., < t2. (that gives the value 2 and 3 for the discrete threshilds

and¢? , respectively). We obtain 4 possible casesHgy, x:

Ploif X >2 A Xepo >3
P2, if X >2 A Xepo < 3

Farox =9 p3° it X, <2 A X, >3 (1)

Cro

Pl X <2 A Xeo <3
The parameter®? (wherej is the term number andis the component) are calletiscrete
kinetic parametergthey characterize the kinetics of the system). These patexsiare in
general not known.There are, however, constraints on theseneters that are imposed by
the interaction graph. For instance, because the obsenvattithe negative interaction of

on cro, we add the followingbservabilityconstraint:P.., < P3 v P2 < P2 . We add

cro cro cro*

'Note that this model implies that two thresholds with diéfierlabels also have different numerical values.



alsoadditivity constraints which define the composition function of seviataractions on
a same gene like a sum. For instance, for the two interactidlugncing cro, we add the
following constraint:P. < P2 A Pl < P3 A P: <Pl A P3 < P! . Notethat

we could left undefined this composition function or defin@ ianother manner.

Note that this transition rule (tendency and asynchroyigéermits to represent in intension a
transition system by the use of the concept of focal state.

3 Encoding the problem of analysing GRN in Conjunctive Normal Form (CNF)

First, we give a general explanation of the SAT problem armditierest of this representation
in our context. Then, we present a formal definition of a madeerms of few formulae using

multivalued variables and numerical/Boolean constraifisally, we describe the translation of
this definition into CNF.

3.1 SAT problem and SAT solvers

The SAT problem consists in finding a valuation of a set of Baal variables (a binding of the
Boolean variables to values) which renders true a CNF faam@ICNF formula is a conjunction
of clauses where each clause is a disjunctionliéérals which represent a Boolean variable or
its negation. A CNF formula is said to Isatisfiablef it accepts an assignment (valuation of the
variables) which renders it true, otherwise it is said tabsatisfiable

The SAT solvers are optimized to find quickly a solution tosfala in the very specific format
of conjunction of clauses. These solvers offer a very efiiaeanner to solve a lot of combinatorial
problems, even with hundred of thousands of variables. Taesmcy of SAT solvers is the result
of a well adapted representation of CNF formula, a subtleliegum between deductions and
“enumerations” (attribution of values to well-chosen aéies), and the use of a backtrack search
with some adaptive heuristics [1].

The key issue to apply SAT is to find an efficient CNF encodinghefproblem to solve. In
our case, the first difficulty is the need to use only Booleamat#es to obtain a CNF. That mean
that we will have to translate each multi-valued variable i collection of Boolean variables. A
second difficulty arises because of the number and the siczkawdes to be generated (cf. section
3.3).

3.2 Description of a model

The description of the model is lead by the modeling of thaditégon rule. We must express the
formal relation between a state and its successor statesibyg intermediate variables relative to
the focal state and thtermconditions appearing in the focal equation (e¥g; > 2 A X > 3

in equation (1)). For the sake of clarity, we first express thlation using a high-level description
in terms of multi-valued variables and arbitrary numeviBablean constraints (section 3.3 will
explain how this is mapped into a Boolean encoding).

3.2.1 Relation between a state and term conditions in focal equations.

The first step is to create intermediate Booleans variahl@edB; y, defining the truth value of
eachelementarycondition in focal equations for a stafé and an interactiori. An elementary
condition is associated to a single interaction (arrow i ithteraction graph, like in figure 1)
and reflects the “activity” or the “inactivity” of this intaction. Formally a single interactians
described by a tuple of four entities: an effector giveretigctor(i) a target gene given bgirget(i),

a sign given bysign(i), a discrete threshold given lblgreshold(i) For example, the interaction in



AGRN fromcl to cro (cf. figure 1) is identified bycI, cro, —, 2). Then, the notion of “activity”
B, x is defined by:

+

B . — (Xeffector(i) > threShC)ld(l) if szgn(z)
HX = (Xeffector(i) < threShC)ld(l) if szgn(z)

Now, it becomes easy to define formally tte¥m condition notedOJX, for each termy of
each componentfor the stateX. The vanables?g,x depend only of the variables; x such that
target(i) = c. More preciselyCiX is a conjunction of sucli; y or negation of suclB; x. For
example, for the equation (1) in 2.2, given a statewe haveCcmX = By x N B x with
il = (eI, cro,—,2) andi2 = (cro,cro, —, 3). Note that, by construction of the focal equations,
for a given stateX and a component we have exactly oné‘i « true.

3.2.2 Relation between term conditions, parameters and focal components.

The second step of the modeling is to define the relation etwerm conditiorCiX, parameters
PJ and focal component’, x for a current stateX, as follows:

Ve Vi, C?y — F.x = P!
Example:For astateY with X; = 2andX,,, = 1, we obtainCZ,, - = true and so by implication
that ., x = P, (cf. 2.2 formula (1) to see the definition tﬁLm x). For another state(, we

can obtain also deduction from the fact that the domain’.ofx andem have no shared values,
because this property imply thai.; < 2 or X, = 3.

3.2.3 Relation between a current state, its focal state and its successor states.

The third step is to define the possible successor stateswfent state. We introduce the (mul-
tivalued) variableS,. which is the value of the componenbf the possible successor statef a
stateX. We introduce several Boolean variabldsst true if X is steady,Bst. corresponding to

the steadiness oX,., and Bdown, and Bup,. corresponding to a decrease and an increase of the
value of X, respectively. With these variablés is defined by:

Ve, X, —1< 5. < X.+1 S. adjacent taX,

Ve, Bdown, <« S, = X, —1 definesBdown,

Ve, Bup, < S, = X.+1 definesBup,

Ve, Bdown, — X, > F, tendency to go down
Ve, Bup, — X, < F, tendency to go up
Ve, Bst, «— F,= X, stationary tendency
Bst — N, Bst. stationary tendency
exactly_one(<list of Bdown,, Bup. andBst >) asynchronicity

The last constraint is the link between all the previous trands; it enforces that exactly one
Boolean variable is true among tli&lown, variables, théBup, variables andst.

A rapid examination shows that the number of the Booleanssseny for expressing a tran-
sition between two states, namef3; x, & ’ ¢+ Bdown., Bup,., Bst. stays linear according the

number of species. In the case of tﬁ@X one can note that their number grows exponentially
according to the inside branching factor of the interactjoaph. Fortunately, this factor is rarely
above 4. It should be remarked also that a path composed oéssice states requires for its
definition a number of constraints which is proportionalie size of the path.



3.3 CNF encoding

In the following we give the procedure to replace a multiealwariable by a set of Boolean
variables and clauses, and the ideas behind the procedwedirg integer relations.

3.3.1 Boolean representation of a multivalued variable.

We choose a very easy manner to encode in Boolean varial@denudhivalued variables of the
model. For every variabl&’,, F. x, S. and P/ we introduce as many Boolean variables as the size
of their domains, and a set of clauses specifying that exao# of these new Boolean variables is
true.

Example:For the variableX.; having the domaif0, 1,2}, we introduce three Boolean variables
20, x1, x2 and the following links toX,.; and its values:z0 is equivalent toX,.; = 0, x1 is
equivalent toX,.; = 1, etc. Then, we add the clauses! v z1 Vv 22, =20 V —x1, =20 V —z2
and—zx1 VvV —z2.

For a variable with a domain éfvalues we obtain 1 clause bfiterals, and (! — 1)/2 clauses
of 2 literals (so with immediate propagation on these tweréts in current SAT solvers). As
in our context the variable domains are small, we obtain lfirealquite small set of clauses (of
a non penalyzing size) to introduce multivalued variablésr every other variables (which are
necessarily also Boolean) we add just one Boolean variabk fot two Boolean variables).

3.3.2 Introduction of relations between (multivalued) variables.

We have to encode only relations with at most two multivaluadables with small domains. In
spite of the lack of heavy encoding problems, we cannot useial tvay to obtain a clausal form
by developing the formula deduced from the truth table ofititeal relation, because in this case
we have still to face an exponential explosion of the numibgeaerated clauses according to the
size of the variable domains. With our method we take int@antthe fact that exactly one of the
Boolean variables for each possible value of a multivaliable is true.

Example: We consider a relation of the typg@ «— X = Y, with the domaingo0, 1}, {0, 1,2}
{1,2,3} for B, X andY respectively (likeBup.; < S.; = X.; + 1, see section 3.2.3). Lét
20, z1, 22, y1, y2 andy3 the Boolean variables which are linked to the multivaluedaldes 5,

X andY. To encode this relation, we introduce six clauses reldovle conjunction of the two
following formulae:

e B— X=Y:(-bV-zlVyl)A(=bVzlV-yl)A(=bV-22Vy2)A(=bV 2V -y2)
e X =Y - B:(bV -2zl V —yl)A(bV —22V —y2)

From the previous example we have an idea of the encodingtiligoof a relationB «— X =
Y. The algorithm loops on the values Bf then these oK and finally these ot” and produces
the implication (clauses) on the values of these differaniables.

To do the encoding of our model we need a procedure for evee of relation: B1 v B2,
Bl ANB2,Bl & B2, X =Y, X#4#Y,X<Y,X<Y,B—- X=Y,X=Y — B,
B - X<Y,X<Y — B,B < A,B, andezactly_one(< list of Bi >), where theB
variables are Booleans and the andY” variables are potentially multivalued. The size of the
CNF representation for all these relations is linear adogrtb the size of the multivalued variable
domains or to the number of species of the system, excepttatiy_one(< list of B; >) which
produces a quadratic number of clauses according of the euaflspecies but with two literals
only in each clause.



4 Deciphering Gene Regulatory Networks

In this section we give technical informations about thealiggped tool. Then we present some
results obtained by queries on the biological model@RN. We give also some comparisons be-
tween our tool based on a SAT technology, and our other tag#dban a Constraint Programming
(CP) technology, implementing exactly the same model widightforward heuristics.

4.1 The developped tool

The developped tool is constituted of:
e an input interface to express easily the biological modgéfaction graph) and the query,

e a module which implements at a multivalued level the asymobws logical description and
which calls the procedures of the CNF encoding module,

e a CNF encoding module,

e an extended version of the SAT solver minisat 2.0 [4] to tate account the queries which
need the set of solutions,

e an output interface to show the solution(s) at a multivaleed|.

4.2 Case study: the immunity control of \-phage

The first example of query concerns the identification of agble steady states of th&RN
for any parameter values. Expressing that skatis a steady state means imposing the existence
of a path of two states beginning in the staé.;, X..,, X.;;, Xy) and reaching the same state
(X1, Xeros Xerr, Xn). Note that this enforcement adds some new clauses relathd t@riables
associated to the discrete kinetic parameter to the ofigimas due to the interaction graph. So
all the discrete states of the systems are not possibly @ssadly steady. The query asks for all
the possible assignments of the Boolean variables aseddiaithe integer variableX,;, X..,,
X1, and Xy which accept at least one possible assignment of all theedeskinetic parameter
P variables. Itis processed by adding a so-called blockiags# to the CNF formula each time a
solution is found (to avoid to find again the same solutiongl, @ relaunch the solver with this aug-
mented CNF formula. The translated problem in CNF conta#svariables and 838 clauses. We
obtain the 16 potential steady states in less than 0.01sRen@um M 1.8GHz with 1Go of RAM).

The main query, in the case afRN, concerns the imposition of the two possible observed
behaviours in response to a infection of a bacterial cell by@hage virus. These behaviours
are due to the reachability of tigic attractor corresponding to the cycle between the two states
(0,2,0,0) and(0, 3,0, 0) from theinitial state (0, 0, 0, 0), and to the reachability of tHgsogenic
state(2, 0,0, 0) from the initial state.

The query to impose these possible behaviors is more gaharathe previous one in the sense
that it involves paths of states whose length is not knownis Téngth is necessary to generate
the system of constraints. An easy way to overcome this prob$ to consider paths with a
length equal to the number of discrete states in space. Indbe ofAGRN we have a discrete
concentration space of 48 states. But to face this impoidane we must find the maximal length
of a path without cycles (redundancy) and corresponding tostanciated GRN model accepting
also the both following paths with a known length (the atives):

e the path of length 2 beginning i, 0, 0, 0) and ending in0, 0, 0, 0) (steadiness of the lyso-
genic state),



e the path of three states beginningin2, 0, 0), passing in0, 3, 0, 0) and returning in0, 2, 0, 0)
(lytic cycle).

This maximal length is equal to 43 (satisfiability in 1 min.dat3 sec. for a formula with 8304
variables and 52765 clauses). The query to prove the uhshiiigy for a path of 44 states all
different takes about 17 min (with a formula with 8577 vakesband 54708 clauses).

With this maximal length we can now search for the coheremdbkeogeneral model and find
the possible instanciated models. The query imposes tlséeaexe of the two previous paths (at-
tractors) and of the two following paths:

e the path of 43 states beginning (@, 0, 0, 0) and reaching (in a future step of the path) the
state(2, 0, 0, 0) (reachability of the lysogenic state),

e the path of 43 states beginning(ii 0, 0, 0) and reaching (in a future step of the path) either
(0,2,0,0) or (0, 3,0,0) (reachability of the lytic cycle),

The query asks for all the assignements of the Boolean Jasassociated to the discrete kinetic
parameterP which accept at least one possible assignment of all thebariassociated to the
four paths. The translated problem in CNF contains 980%lsées and 46041 clauses. We obtain
175 coherent models in 6s (7s for a path length equal to 48 swppose not known the maximal
length of a path without cycle). The same query with a lendthSinstead of 43 with our tool
based on a CP solver takes about 150s.

5 Conclusions

Analysing the properties of Gene Regulatory Networks isyagkeblem in systems biology. Our
work aimed at proposing an automated tool for this problem.

GRNs are a type of transition systems which, compared wighntore classical application
domains of SAT [2, 6, 7], exhibit a number of interesting spetes:

e The transition relation of the program is itself not comelgtknown and is defined as a
set of constraints that depend upon so-called kinetic patens. For that reason, the tool
needs to be flexible and to allow queries that go beyond clalssachability or temporal
logics (LTL, CTL). Typical queries involve the parametdfsr instance a biologist may ask
"having observed that the system moves from state S1 to Staterhich parameter values
are possible?".

e The system is a discrete abstraction allowing to reason oladgical system which, in
reality, evolves in continuous time and involves continsiguantities (concentrations of
proteins and kinetic parameters). We think that the apfidinas therefore exciting in that
we are not modeling a traditional, discrete, digital systleut proteins interacting by activa-
tion/inhibition mechanisms.

An important conclusion of our work is that a translation tooBan constraints is a good
approach allowing to solve a large range of queries on thiskied of transition systems. This,
we argued, can be explained by the fact that it naturallylireecomplex Boolean combinations
of simple numerical constraints, and that the discretealsées have small domains that are easily
converted into Booleans.

On the technical side, a key contribution of the paper is és@nt the whole abstraction process
used for GRNs, from the description of the biological probleo its modeling using discrete
constraints. It details, in particular, the encoding intooan constraints which is one key to
reach good performance.
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